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6.32 Eva Pavarini

Appendices

A Constants and units

In this Lecture, formulas are written in atomic units. The unit of mass m0 is the electron mass

(m0 = me), the unit of charge e0 is the electron charge (e0 = e), the unit of length a0 is the

Bohr radius (a0 = aB ∼ 0.52918 = Å), and the unit of time is t0 = 4πε0!a0/e2. In these units,

me, aB , e and 1/4πε0 have the numerical value 1; the speed of light is c = 1/α ∼ 137 in atomic

units. The unit of energy is 1Ha = e2/4πε0a0 ∼ 27.211 eV. These are the natural units for

theory. When comparing to experiments, for convenience, we give the energies in eV or meV.

B Atomic orbitals

B.1 Radial functions

The nlm hydrogen-like atomic orbital is given by

ψnlm(ρ, θ,φ) = Rnl(ρ)Y
m
l (θ,φ),

where Rnl(ρ) is the radial function and Y l
m(θ,φ) a spherical harmonic, ρ = Zr and Z the atomic

number. In atomic units, the radial functions are

Rnl(ρ) =

√

(

2Z

n

)3 (n− l − 1)!

2n[(n + l)!]3
e−ρ/n

(

2ρ
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)l
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(

2ρ

n

)

,

where L2l+1
n−l−1 are generalized Laguerre polynomials of degree n− l − 1.

The radial function for n = 1, 2, 3 are

R1s(ρ) = 2 Z3/2 e−ρ
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4
√
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√
3

Z3/2 ρ(1− ρ/6) e−ρ/3

R3d(ρ) =
2
√
2

81
√
15

Z3/2 ρ2 e−ρ/3

where we used the standard notation s for l = 0, p for l = 1 and d for l = 2.

B.2 Real harmonics

To study solids, it is usually convenient to work in the basis of real harmonics. The latter are

defined in terms of the spherical harmonics as follows:

yl0 = Y l
0 , ylm =

1√
2
(Y l

−m + (−1)mY l
m), yl−m =

i√
2
(Y l

−m − (−1)mY l
m), m > 0.

Draw	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  R2s(⇢)R2p(⇢)



Radial	
  solu7on	
  

6.32 Eva Pavarini

Appendices

A Constants and units

In this Lecture, formulas are written in atomic units. The unit of mass m0 is the electron mass

(m0 = me), the unit of charge e0 is the electron charge (e0 = e), the unit of length a0 is the
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78 How to draw spherical harmonics

Table A.1.: The first few spherical harmonics Y
lm

(✓,�).

Y0, 0 =

r

1

4⇡

Y1, 0 =

r

3

4⇡
cos ✓

Y1,±1 = ⌥
r

3

8⇡
sin ✓ e±i�

Y2, 0 =

r

5

16⇡
(3 cos2 ✓ � 1)

Y2,±1 = ⌥
r

15

8⇡
sin ✓ cos ✓ e±i�

Y2,±2 =

r

15

32⇡
sin2 ✓ e±2i�

Y3, 0 =

r

7

16⇡
(5 cos3 ✓ � 3 cos ✓)
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sin ✓(5 cos2 ✓ � 1) e±i�

Y3,±2 =

r
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32⇡
sin2 ✓ cos ✓ e±2i�

Y3,±3 = ⌥
r

35

64⇡
sin3 ✓ e±3i�

A.2. Plotting in spherical coordinates

Perhaps the most common and easiest way to make a plot is to plot in the Cartesian coordin-
ate system. Just like how we plotted our radial wave functions u

nl

(r). We took the x-axis
representing our spacial distance r and y-axis representing our wave functions u

nl

(

x r

y  u
nl

(A.3)

However, for our angular wave functions, namely the spherical harmonics Y
lm

(✓,�), it is more
natural to plot them in a spherical coordinate system, since it is where they are defined. Now
the mapping is the following,

8

>

<

>

:

r  Y
lm

✓  ✓

� �

(A.4)

The important message is that we use the radius to represent the amplitude of spherical har-
monics. The functions listed in Table A.1 are good enough for us to make a couple of beautiful
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Fig. 15: The s (first row), py, pz, px (second row), and dxy, dyz, d3z2−r2 , dxz, dx2−y2 (last row)

real harmonics.
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