
Rings and chains in sulfur cluster anions S2 to S9
2: Theory (simulated

annealing) and experiment (photoelectron detachment)

S. Hunsicker, R. O. Jones, and G. Ganteför
Institut für Festkörperforschung, Forschungszentrum Jülich, D-52425 Jülich, Germany
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Density functional calculations with simulated annealing have been performed for singly charged

anions of sulfur clusters with up to nine atoms. The calculations predict the existence of two classes

of structure: open ~chain-like! and closed ~ring-like!, for which the vertical detachment energies

~VDE! and the adiabatic electron affinities for transitions to states of the neutral clusters show

pronounced differences. These calculations are complemented by photoelectron detachment

measurements on sulfur cluster ions with up to 11 atoms using a pulsed arc cluster ion source

~PACIS!. The measurements provide unambiguous evidence for the existence of two types of

isomers in both S6
2 and S7

2 . Although ring structures are generally energetically more stable than

chain structures, the environment used to generate the larger clusters (n.7) favors the formation of

the latter. The measured VDE and vibration frequencies agree well with the calculated

values. © 1995 American Institute of Physics.

I. INTRODUCTION

Sulfur and its compounds are of widespread importance

in chemistry and biology, and the charged and neutral clus-

ters ~Sn , Sn
6) are among the best studied of any element. The

crystalline forms of sulfur include many that comprise ring

molecules (n56,7,8,10–13,18,20!1 and the cations Sn
1 were

detected up to n556 several years ago.2 In recent years

there have been studies of the neutral clusters using a range

of experimental techniques. Raman spectroscopy of sulfur

vapor up to 700 °C ~Ref. 3! indicates the presence of chain-

like species of S3 , two isomers of S4 , chain-like helical

conformers with n.4, and cyclic species with n56,7,8. In-

frared studies of matrix isolated sulfur clusters4 have also

been interpreted to imply the presence of two S4 isomers.

The sulfur anions Sn
2 have also been the subjects of

many studies. S2, S2
2 , and S3

2 have been identified in single

crystals5 and their electron affinities in the gas phase have

been determined by photoelectron spectroscopy to be 2.077,6

1.66,7 and 2.09 eV,8 respectively. The reactivities of Sn
2 ions

up to n56 with several molecular species have been mea-

sured by Fourier transform ion cyclotron resonance

~FT-ICR!,9 and reactions with NO2 were observed in all

cases. For n52–5 there is a direct transfer of an electron to

nitric oxide, indicating that the affinities of these ions are less

than that of NO2 ~2.28 eV, Ref. 10!. The reaction of S5
2 with

NO2 led to a considerable yield of S3
2 , which was viewed as

evidence for a chain-like rather than a cyclic structure.9 The

reactivity of the cations Sn
1 with NO2 showed a drop at n55,

suggesting that there may be a structural transition from

chains to rings.9

The wide range of measurements on sulfur clusters

documents both the interest in their properties and their

structural flexibility. There have also been numerous theo-

retical studies. Hohl et al.11—using a combination of density

functional ~DF! calculations with molecular dynamics

~MD!— and Raghavachari et al.12—using Hartree–Fock cal-

culations with fourth-order Møller–Plesset corrections—

studied neutral clusters up to n513. In the case of S4 there

are several isomers with comparable energies. The two most

stable are singlet states with cis-planar (C2v
) and rectangular

(D2h) symmetries, with most calculations showing the

former to be slightly more stable13,14 ~see Sec. III C!. There

have been fewer studies of charged sulfur clusters. Zakrze-

wski and von Niessen15 have recently considered S3 , S4 ,

and S5 and their positive and negative ions. Their results for

the vertical attachment energies of the neutral clusters at

their optimum geometries complement our own.

In the present paper, we extend the previous MD/DF

calculations on neutral sulfur clusters11 to sulfur anions up to

S9
2 . The calculation of energy differences between charged

and neutral systems requires particular care if periodic

boundary conditions are used. We discuss this and provide

other computational details in Sec. II. The structures of the

anions and bonding trends are discussed in Sec. III, and cal-

culations of the vibration frequencies in Sec. IV.

Complementary to the theoretical studies we have per-

formed photoelectron detachment measurements16 of sulfur

anions with up to n511 atoms. The sulfur cluster anions are

generated using the pulsed arc cluster ion source ~PACIS!,17

which can be adjusted to generate different cluster isomers.

The apparatus is used to extend earlier measurements6–8 to

larger clusters and to different isomers, using photoelectron

spectroscopy to study the ions. The features in the spectra

correspond to transitions from the ground state of the ions to

states of the neutral cluster and provide information about

both. The energy resolution of the electron spectrometer is

sufficient to resolve vibrational fine structure for n52,3,4,

and 6. The experiment is described in Sec. V A and the re-

sults presented in Sec. V B. A comparison of theory and

experiment follows in Sec. VI, with particular focus on the

vertical detachment energies. Our final remarks are given in

Sec. VII.

II. METHOD OF CALCULATION

The main focuses of the present work are the structures

of clusters and the energy differences between states of the
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TABLE I. Structure parameters for isomers of Sn
2 , n52–4, with energies DE relative to the ground state ~eV!.

Bond lengths d i j in a.u., bond angles a i and dihedral angles g i j in degrees. Additional labels refer to the figures.

Molecule Symmetry State DE

S2
2

D`h
2Pg 0.0

d1253.81

S3
2 1~a! C2v

2B1 0.0

d12,1353.79; a15115°

S3
2 1~b! C2v

2B2 1.73

d12,1354.17; d2354.20; a1561°; a2,3560°

S3
2 1~c! D`h

2Pu 2.22

d12,1354.06

S4
2 1~d! C2v

2A2 0.0

d12,3453.71; d1455.83; d2354.28; a1,4578°; a2,35102°

S4
2 1~e! D2h

2Au 0.05

d12,3453.69; d14,2354.92

S4
2 1~f! C2h

2Bg 0.13

d12,3453.76; d2354.03; a2,35108°

TABLE II. Structure parameters for the isomers of S5
2 , with energies relative to the ground state ~eV!. Bond

lengths d i j in a.u., bond angles a i and dihedral angles g i j in degrees. Additional labels refer to the figures.

Molecule Symmetry State DE

S5
2 2~a! C s

2A9 0.0

d12,4553.76; d1556.35; d23,3453.98; a1,5587°; a2,45108°;

a3595°; g12 , 2g45540°; g1550°; g23 , 2g345276°

S5
2 2~b! C1

2A 0.04

d1253.79; d2353.85; d3454.23; d4553.71; a25111°;

a35100°; a45105°; g235 262°; g345 211°

S5
2 2~c! C2

2B 0.09

d12,4553.75; d23,3453.98; a2,45112°; a3598°; g23,3452112°

TABLE III. Structure parameters for isomers of S6
2 , with energies relative to the ground state ~eV!. Bond

lengths d i j in a.u., bond angles a i and dihedral angles g i j in degrees. Additional labels refer to the figures.

Molecule Symmetry State DE

S6
2 2~e! C2

2A 0.0

d12,5653.69; d23,4554.53; d3453.65; a2,5599°; a3,4597°;

g23,45525°; g345273°

S6
2 2~f! C2

2B 0.02

d12,5653.80; d1655.09; d23,4553.96; d3453.98;

a1,65102°; a2,55107°; a3,45106°;

g12,56564°; g165262°; g23,455276°; g34575°

S6
2 3~a! C s

2A9 0.10

d1254.97; d16,2353.80; d34,5653.81; d4554.71;

a1,2595°; a3,65112°; a4,5597°;

g12,4550°; g16 ,2g23581°; g34 ,2g56582°

TABLE IV. Structure parameters for isomers of S7
2 , with energies relative to the ground state ~eV!. Bond

lengths d i j in a.u., bond angles a i and dihedral angles g i j in degrees. Additional labels refer to the figures.

Molecule Symmetry State DE

S7
2 3~f! C s

2A9 0.0

d12,6753.76; d1755.47; d23,5654.00; d34,4553.91;

a1,3,5,75107°; a2,65110°; a45109°;

g12 , 2g67574°; g23 , 2g5652104°; g34 ,2g45582°

S7
2 4~a! C1

2A 0.0

d1253.71; d1755.75; d2354.13; d3453.83; d4553.94;

d5653.99; d6753.74; a15100°; a25108°; a35103°; a45109°;

a55104°; a65110°; a7593°; g12586°; g175210°;

g235237°; g345280°; g45570°; g56558°; g675284°
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charged and neutral systems. Examples are vertical detach-

ment energies ~VDE!, the energy differences between the

most stable isomer of the anion, and different states of the

neutral cluster with the ionic structure, i.e., the ionization

potentials ~IP! of the anion. Since the stable structures of the

neutral and charged clusters are generally different, the elec-

tron affinity ~EA! of the neutral cluster—the energy gained

when one electron is added to the most stable isomer—

differs from the VDE of the anion. All of these energy dif-

ferences require a calculation of the total energy for a

charged system in a supercell geometry with periodic bound-

ary conditions ~PBC!. The Coulomb energy per cell of a

periodic array of charges diverges, and the potential zeros in

charged and neutral systems must be determined consis-

tently. We now describe how this is done and give further

details of the calculations.

A. Total energy of charged states

We first carry out cluster calculations using PBC, but

with an additional uniform charge to neutralize the system.

This density is used to construct the Coulomb potential for

an isolated cluster, subject to zero boundary conditions at

infinity, by computing the Coulomb potentials for a series of

periodic arrays in which the densities are separated by suc-

cessively larger distances. It is reasonable to assume that the

density between the cells is that of the uniform background,

since the exact electronic density decays exponentially to

zero outside an isolated cluster18 and should be negligible at

the cell boundaries. In the limit of infinite separation, the

background density vanishes everywhere and the Coulomb

potential converges to the potential of the density without

background charge subject to zero boundary conditions at

infinity ~see the Appendix!. The evaluation of the necessary

integrals is performed in k space using a ‘‘partial’’ FFT tech-

nique similar to that described in Ref. 19.

B. Computational details

As in an earlier application of this method to neutral

clusters of sulfur,11 we use the pseudopotential parameters of

Bachelet et al.20 with sp nonlocality. The calculations are

performed in a large face-centered-cubic unit cell with lattice

constant 30 a.u., but without any other symmetry restrictions.

Routine checks ensure that the density is small near the cell

boundaries, and the interaction between clusters in neighbor-

ing cells is minimized, if necessary, by moving the clusters

rigidly. The calculations for the larger clusters were repeated

using a larger cell ~lattice constant 36 a.u.!. As noted

previously,11 the bond lengths, bond angles, and dihedral

angles change by less than ;1%. As in earlier work on S8

and related molecules ~S7O, S7Se, Se8 , O8),21 we have ex-

panded the basis set of Ref. 11 to an energy cutoff for the

orbital functions of 7 a.u. This corresponds to ;3200 plane

waves @at k50#, and the density was expanded in ;9000

plane waves.

Further tests involved increasing the FFT mesh from

323 to 483 points and the energy cutoff from 7.0 to 18.9 a.u.,

with an increase in the number of plane waves in the expan-

sion of the density to over 39 000. The small change in the

VDE of S2 ~2.42 to 2.37 eV! indicates that further expansion

of the basis set will change little. We have also tested the

effect on our extrapolation scheme of increasing the dimen-

sions of the unit cell. For the C1 isomer of S7
2 discussed

below @Fig. 4~a!#, we increased the lattice constant from 30

TABLE V. Structure parameters for isomers of S8
2 , with energies relative to the ground state ~eV!. Bond

lengths d i j in a.u., bond angles a i and dihedral angles g i j in degrees. Additional labels refer to the figures.

Molecule Symmetry State DE

S8
2 5~a! D2

2B1 0.0

d12,5653.86; d18,4553.97; d23,6754.00; d34,7854.07;

a1,2,5,65109°; a3,4,7,85116°;

g12,565280°; g23,67594°; g18,45592°; g34,7852107°

S8
2 5~b! C2v

2B1 0.06

d23,6754.40; d12,34,56,7853.66; d18,4555.25; a2,3,6,75101°;

a1,4,5,8595°; g18,23,45,6750°; g12,56 , 2g34,78589°

TABLE VI. Structure parameters for isomers of S9
2 , with energies relative to the ground state ~eV!. Bond

lengths d i j in a.u., bond angles a i and dihedral angles g i j in degrees. Additional labels refer to the figures.

Molecule Symmetry State DE

S9
2 6~a! C1

2A 0.0

d12,8953.76; d1955.38; d2353.97; d34,5653.92; d4553.91;

d67,7853.95; a1,5,6,95109°; a2,45110°; a35105°; a75107°;

a85112°; g125277°; g195255°; g23566°; g34584°;

g455278°; g565275°; g675108°; g785279°; g895105°

S9
2 6~b! C s

2A9 0.06

d12,8953.71; d1955.72; d23,7854.09; d34,6753.84; d45,5653.95;

a1,9595°; a2,85108°; a3,75105°; a4,65111°; a55110°;

g12 , 2g895112°; g23 , 2g785235°; g34 , 2g675295°;

g45 , 2g565101°
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to 36 a.u., enlarged the FFT mesh to 363 points and the

number of plane waves in the expansion of the density to

;16 000. The calculated VDE decreased by only 0.02 eV.

The change in the energy of S2 using an extrapolation pa-

rameter of 16 instead of 8 ~see the Appendix! was only

; 3 3 1025 eV, so that our choice of this parameter should

be very reliable.

III. STRUCTURES OF THE ANIONS

In this section we present the structures of energetically

low-lying isomers of sulfur cluster anions. Apart from the

distances between the end atoms in the ‘‘broken ring’’ struc-

tures, we include in the figures and tables only interatomic

distances shorter than 5.3 a.u., the minimum in the pair cor-

relation function of liquid sulfur between the first peak for

covalently bonded pairs and the second peak for nonbonded

pairs.22 ‘‘Bonds’’ are shown black for distances ,4.8 a.u.

and white from 4.8 to 5.3 a.u. The energy extrapolation has

not been carried out self-consistently, so we have estimated

the relative stabilities of equally charged clusters using self-

consistent energies without extrapolation. There are few ex-

perimental data on the structure of sulfur cluster anions, and

we compare our calculated geometries ~Tables I–VI! with

results for neutral clusters and other theoretical predictions

where available. Distances and bond angles not given explic-

itly are related by symmetry to values in the tables. Angles

are given to the nearest degree, and the sign of the dihedral

angle g has been chosen in accordance with the convention

of Ref. 23.

A. S2
2

The attachment of an additional electron to the neutral

sulfur isomers generally leads to an appreciable increase in

the bond lengths. The calculated value for S2
2 ~see Table I! is

;6% larger than that in the neutral dimer ~3.61 a.u.! and

slightly larger than that reported below for S3
2 . In S2

2 the

added electron occupies an antibonding pg
*(3p) orbital and

the strength of the double bond in S2 is reduced accordingly.

B. S3
2

We have found three local minima in the energy surface

for this ion ~Table I!. The open ground state @2B1 , C2v
, Fig.

1~a!# differs from the C2v
singlet ground state of S3 by hav-

ing a ~;3.6%! longer bond and a (;20%! smaller bond

angle. The present values ~see Tables I and VII! agree well

with recent CI calculations ~3.58 a.u., 117° for S3; 3.76 a.u.,

115° for S3
2).15 The bond length in the matrix isolated anion

has been estimated by electron paramagnetic resonance

~EPR! to be 3.97 a.u.24

The ground state valence electron configuration of the

anion 1a1
2 1b2

2 2a1
2 2b2

2 3a1
2 1b1

2 1a2
2 4a1

2 3b2
2 2b1

1 is the

same as that described by other authors.15 The calculated

dissociation energy ~into S2
2 and S! is 4.4 eV/molecule ~ex-

perimentally 3.3 eV/molecule!,8 somewhat larger than the

estimate found for the dissociation of S3 .11 The second

C2v
structure @Fig. 1~b! and Table I# is a distortion of the

D3h structure ~equilateral triangle! and has an energy much

(1.73 eV! higher than the first and much longer bonds

(4.20 a.u.!. The structure of a high-lying linear @D`h , Fig.

1~c!# isomer is also given in Table I.

C. S4
2

Three structures of the anion @Figs. 1~d!–1~f!# have very

similar energies ~Table I!. The most stable—a cis-planar

structure with C2v
symmetry @Fig. 1~d!#—was also found in

a recent theoretical study,15 with bond angles ;12% larger

and the ‘‘long’’ bond distance ;9% smaller than ours.

We have noted that recent theoretical13 and experimental

work4 on neutral S4 indicate that the most stable isomer has

cis-planar (C2v
) symmetry. This is supported by calculations

using the present method, where we find that this isomer is

0.05 eV more stable than the planar rectangular ring structure

@Fig. 1~e!, D2h# discussed previously.11 The energy extrapo-

lation scheme lifts the near-degeneracy between these two

forms, the final separation being ;0.11 eV. The D2h form of

the anion is not stable, as the additional electron causes one

of the longer bonds to open. A third structure 0.13 eV above

the C2v
isomer is a planar trans isomer with C2h symmetry

@Fig. 1~f!#. A preference for the cis form is also evident in the

larger anions. Other structures considered here—planar and

nonplanar—had higher energies and were unstable on an-

nealing at 300–500 K.

FIG. 1. Structures of ~a!–~c! S3
2 and ~d!–~f! S4

2 .
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D. S5
2

The most stable isomer in S5
2 ~Table II! is a broken ring

with Cs symmetry @Fig. 2~a!#, reminiscent of the Cs ‘‘enve-

lope’’ predicted for S5 ,11 with one bond broken by the addi-

tional electron. This has also been found in CI calculations of

S5
2 ,15 where the large interatomic separation (5.70 a.u.! is

10% shorter than ours ~6.35 a.u.!. The extra electron occu-

pies an antibonding orbital with a large amplitude in this

region. We show below that the same is true for S6
2 and

S7
2 , where the addition of an electron to neutral rings also

leads to bond breaking.

The next local minimum in the energy surface ~0.04 eV

higher! is a cis–trans (C1) form @Fig. 2~b!#. The compara-

tively small dihedral angle in this cluster can be viewed as a

remnant of the pattern already encountered in the cis-planar

(C2v
) structure of S4

2 . Another isomer ~0.09 eV above the

most stable! is a helical chain @Fig. 2~c!# with C2 symmetry.

The terminal bonds in this structure have a similar length to

the bonds in S3
2 , indicating a bond order between one and

two. The central bonds are longer, approaching the value in

catenapolysulfur S` @3.90 a.u.#.1 A similar pattern is ob-

served in the bond lengths of longer helical chains. A com-

paratively large gap of 0.18 eV separates these structures

from a cis–trans planar (Cs) form @Fig. 2~d!#. This also con-

tains the motif of the cis–planar (C2v
) isomer of S4

2 and

was found by annealing the Cs isomer of neutral S5 consid-

ered previously.12

E. S6
2

The structure of S6
2@C2 , Fig. 2~e!, Table III# was found

by annealing a chainlike geometry and can be seen as two

overlapping C2v
cis-planar sections. An alternative view as

three weakly bound pairs is consistent with the change of the FIG. 2. Structures of ~a!–~d! S5
2 and ~e!–~f! S6

2 .

TABLE VII. Structure parameters for isomers of Sn , n52,3,4,6,9 with energies relative to the ground state

~eV!. Bond lengths d i j in a.u., bond angles a i and dihedral angles g i j in degrees. Additional labels refer to the

figures.

Molecule Symmetry DE

S2 D`h 0.0

d1253.61

S3 12~a! C2v
0.0

d12,2353.66; a25118°

S3 12~b! D3h 0.27

d12,23,1353.94; a1,2,3560°

S4 12~c! C2v
0.0

d12,3453.61; d2354.21; a2,35100°

S4 12~d! D2h 0.03

d12,3453.60; d14,2354.71; a1,2,3,4590°

S4 13~a! C2h 0.44

d1253.97; d13,2453.65; a1,25111°

S6 13~c! D3d 0.0

d12 , . . .53.92; a1 , . . .5103°; g23,16,4552g12,34,56574°

S6 13~b! D3h 0.21

d14,25,3653.59; d12 , . . .55.07; a123 , . . .560°; a125 , . . .590°

S9 13~d! C2 0.0

d12,4553.88; d19,5653.94; d23,3453.92; d67,8953.90; d7853.91;

a1,55107°; a2,45110°; a35103°; a9,65106°; a7,85109°;

g23 ,2g45575°; g12 ,2g345276°; g19,565263°; g89,675113°;

g785285°
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bond length towards that of neutral S2 ~3.61 a.u.! as the

center is approached. The dihedral angle ~see Sec. III A! be-

tween the bisecting planes is ; 80°. A puckered chair-like

S6
2 ring with C2 symmetry @Fig. 2~f!# is only 0.02 eV higher

in energy. The increase in the bond length ~to 5.09 a.u.!
caused by the additional electron is less than in the S5

2

ground state ring. The remaining structural parameters devi-

ate little from the experimental values in S6 ,1 the bond

lengths by at most 2%, the bond angles by less than 5%, and

the dihedral angles by ;2%.

Another C2 boat structure @Fig. 3~a!#, consisting of two

weakly bound sulfur trimers, lies 0.10 eV above the isomer

in Fig. 2~e!. The energy minimum is shallow and the struc-

ture distorts readily to lower (C1) symmetry on annealing.

We also found a C1 isomer @Fig. 3~b!#, a helical (C2) chain

@Fig. 3~c!#, and two structures containing the cis-planar motif

of S4
2 @Figs. 3~d! and 3~e!#, with energies 0.12, 0.17, 0.20,

and 0.25 eV above the most stable isomer. The all-trans

chain @Fig. 3~c!# is slightly less stable ~by 0.05 eV! than the

cis–trans chain @Fig. 3~b!#, illustrating the trend to favor

compact geometries. Annealing of an all-cis chain also led to

the puckered ring @Fig. 2~f!#. The last two isomers show both

chain segments and a planar tetramer. Similar forms are ob-

served in S7
2 and S8

2 .

F. S7
2

As in the case of S5
2 , there are no structures consisting

entirely of planar sections, and the most stable isomer is a

distortion of the neutral S7 ground state, a chair-like ring

with Cs symmetry.25,26 The ‘‘long’’ bond in S7 ~experimen-

tally 4.12 a.u.! opens to give a distorted chair-like Cs form

@Fig. 3~f! and Table IV# with a broken bond of length 5.47

a.u. This structure was found by annealing an all-cis chain.

The other changes in the structure of S7 are also small, with

bond lengths changing by less than ;1%, and angles by less

than ;5%. The second longest bond of the S7 chair ~experi-

mentally 3.97 a.u.! can also open in the anion, leading to

another C1 isomer @Fig. 4~b!# only 0.02 eV less stable than

the first. The additional charge is localized on a bond of

length 5.59 a.u.

Another isomer that is almost degenerate with Fig. 3~f!
is a distorted boat (C1) structure @Fig. 4~a!# derived from a

Cs isomer in neutral S7 ~Ref. 11! by breaking its longest

bond. Other isomers @Figs 4~c!–4~e!# show the planar sec-

tions familiar from the cis-planar (C2v
) structure of S4

2 and

have energies in a narrow range ~0.02 eV wide! starting 0.28

eV above the ground state. A helical (C2) chain @Fig. 4~f!#
lies 0.36 eV above the most stable isomer. Hybrids of planar

and chain-like sections tend to become more stable than he-

lices as the cluster size increases.

G. S8
2

The best known of the neutral sulfur clusters is the

D4d crown-shaped ring,27,28 and our calculations indicate

that the most stable S8
2 isomer is a distortion of this structure

FIG. 3. Structures of ~a!–~e! S6
2 and ~f! S7

2 (Cs).
FIG. 4. Structures of S7

2 .
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to D2 symmetry @Fig. 5~a!#. Compared with the experimental

data for ~neutral! orthorhombic ~a-! S8 at 100 K,29 the addi-

tional electron induces an approximately uniaxial stretch,

with two bonds on opposite sides of the ring increasing in

length by 5%.

A C2v
isomer @Fig. 5~b!# is only 0.06 eV higher in en-

ergy than the ring. It may be viewed as two loosely bound

cis-planar (C2v
) tetramers, such as found in S4

2 , since the

bond lengths ~Table V! deviate by only ;3% from those in

S4
2 , and the orbitals along the shortest distance ~5.25 a.u.!

between the tetramers are weakly bonding. Since the LSD

approximation often overestimates the strengths of bonds be-

tween closed shell systems,30 the long, weak bond between

the tetramers may be an artifact of this approximation.

The cis-planar tetramer is found as a structural unit in

other isomers. For example, a C2 structure with slight distor-

tions from C2h symmetry @Fig. 5~c!# lies 0.34 eV above the

ground state and differs from Fig. 5~b! only in the relative

orientation of the planar segments. An isomer with C1 sym-

metry and a planar section @Fig. 5~e!# lies 0.02 eV the C2

structure. Two others with terminal planar sections, including

one with C2 symmetry and planar units at each end, lie a

further 0.07–0.08 eV higher.

In addition to the most stable all-cis ring isomer @Fig.

5~a!#, we considered a ring derived from it by inverting two

dihedral angles. The energy of the resulting C1 species @Fig.

5~d!# is 0.35 eV above that of the ground state ring. This

structure is more compact than that in Fig. 5~a!, and the

increased strain caused by the additional electron results in

one weak bond of length 5.19 a.u.

There are numerous chain structures derived by the ad-

dition of a single atom to S7
2 chains. The lengths of the

central bonds of the all-trans helical chain ~0.56 eV! are

close to the measured values in catenapolysulfur ~S` , 3.90

a.u.!,1 the bond and dihedral angles are ;3% larger and

;10% smaller, respectively. Several chain-like structures

differ from the helix in the sign of one or more dihedral

angles and have energies within 0.20 eV. Of particular inter-

est are structures with one and two terminal planar tetramers

(C1 and C2 symmetry, respectively! that are 0.12 eV more

stable than the helical chain.

H. S9
2

The rapidly increasing number of isomers with cluster

size rules out any attempt at completeness for larger clusters,

but we have studied several isomers of S9
2 to see whether

trends in the smaller anions continue. The experimental ge-

ometries of S9 and its ions are not known,31 but the theoreti-

cal prediction11,12 of a C2 ring as the most stable form of

S9 is consistent with the Raman spectra of microcrystalline

samples.31 The corresponding structure obtained with the

present basis set is given in Table VII. The most stable iso-

mer of S9
2 encountered is a C1 distortion of the neutral

ground state @Fig. 6~a! and Table VI#, where one interatomic

FIG. 5. Structures of S8
2 . ~a!–~d! ‘‘Closed,’’ ~e!–~f! ‘‘open.’’

FIG. 6. Structures of S9
2 .
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separation increases from 3.94 to 5.38 a.u. and can no longer

be viewed as a bond. The anion structure related to the Cs

boat isomer of S9 @Fig. 6~b!# lies 0.06 eV higher. It also has

Cs symmetry, and can be derived from the S8
2 isomer @Fig.

5~b!# by inserting a single atom in place of one of its longest

bonds. The cis-planar (C2v
) tetramers are distorted, the di-

hedral angle being 35°.

A Cs chair isomer @Fig. 6~c!# is 0.10 eV higher in energy,

with structural parameters similar to those reported previ-

ously for an isomer of S9 .11 The all-trans helical chain @Fig.

6~d!, C2] lies 0.40 eV above the ground state and has a

pattern of bond lengths and angles that is similar to that

found in the helical isomer of S8
2 . As in the case of the

smaller clusters, isomers with one (C1) and two (C2) termi-

nal planar tetramers are more stable than the helix, in S9
2 by

0.02 and 0.12 eV, respectively. The energy of the last struc-

ture that we considered, a C1 cage @Fig. 6~e!# very similar to

a Cs isomer of S9 described in Ref. 11, was 0.14 eV above

the helix. The additional electron causes the longer bonds

between the atoms labeled 3,4 and 7,8 in Fig. 6~e! to increase

to 4.61 and 4.74 a.u., respectively, significantly larger than

the longest bond in the cis-planar (C2v
) tetramer unit

(;4.28 a.u.!.

I. Trends

1. Structures

The planar C2v
motif first encountered in S4

2 also ap-

pears in planar sections of the larger anions. Structures con-

sisting entirely of this pattern exist only for even values of n ,

in which case they are among the most stable isomers. This

motif represents a compromise between a relatively open

structure that can accommodate an additional charge and a

closed structure with one large internuclear separation ~of

average length 5.77 a.u.!. Its presence is apparent in Fig. 7,

which plots bond length against dihedral angle g for all an-

ion structures shown in the tables. A similar relationship has

been observed by Steudel and co-workers27,28,32–34 for neu-

tral sulfur clusters. Apart from a peak near 90° reminiscent

of the ‘‘normal’’ dihedral angle distribution,35 there is a sec-

ond cluster of values near g50°. The elongation of the cen-

tral bond as g decreases from 90° to 0° is favorable for a

negatively charged molecule. A second trend noted by Steu-

del and co-workers for the neutral clusters is the inverse

relationship between bond length and the mean of the lengths

of the neighboring bonds. This trend is also found in the

anionic structures ~Fig. 8, for all anion structures shown in

the tables!.
Another family of anion geometries of low energy con-

sists of the opened or puckered rings of the neutral clusters,

where at least one of the bonds is strained or broken due to

the presence of the additional electron. The ground states of

S5
2 , S7

2 , S8
2 , and S9

2 belong to this family.

Open chain-like structures without planar sections also

occur, and their stability relative to the most stable isomers

decreases with increasing cluster size. Hybrids of all-trans

chains with the C2v
cis-planar unit of S4

2 occur in S6
2 –S8

2

and are on average ;0.1 eV more stable than their all-trans

counterparts.

2. Binding energies

The calculated binding energies per atom,

Eb
2/n5@~n21 !E11E1

2
2En

2# ,

are plotted in Fig. 9 for all anionic structures shown in the

tables. The stability increases with increasing cluster size n ,

so that Sn
2 clusters should be observable for all n in the range

studied here. With the exceptions of the upper C2v
and

D`h isomers of S3
2 , there are numerous minima in the po-

tential energy surface of the anion clusters with similar en-

ergies.

The second energy differences

FIG. 7. Variation of the length of the central bond d of three adjacent bonds

with dihedral angle g .

FIG. 8. Variation of bond length d with the mean length of the two neigh-

boring bonds.
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D2En
2

5En11
2

1En21
2

22En
2

are shown in Fig. 10 for the most stable isomers. This quan-

tity is useful in discussing the relative abundances of

clusters,36,37 as it indicates the difference between the frag-

mentation energies for the processes Sn11
2

→Sn
2

1S and

Sn
2
→Sn21

2
1S. The small negative values at S5

2 and S7
2 in-

dicate that these clusters should be less stable than the neigh-

boring anions, whereas the large positive values for S2
2 and

S3
2 suggest a relatively high abundance.

3. Vertical detachment energies

The calculations of the VDE can be illustrated by con-

sidering the atom (n51!, where the energies of the anion

S2 and the multiplet structure of the neutral atom must be

evaluated. We use the fitting procedure of von Barth38 to

solve an ~overdetermined! set of linear equations relating the

multiplet energies to the calculated energies of single deter-

minantal states.39 In the case of sulfur, or for any atom with

the valence configuration p2 or p4, the energies for the mul-

tiplet 3P , 1D , and 1S can be obtained by fits to the corre-

sponding equations. The limits on the reliability of the pro-

cedure are shown by the results for the ~single determinant!
state 3P , where a direct calculation gives a VDE of 2.42 eV.

A fit using all three determinants gives 2.21 eV, while the

measured value is 2.08 eV.6,40

The spin multiplets of the neutral clusters with the

ground state geometries of all ions from S2
2 to S9

2 were ob-

tained using the above procedure, and tables of the results

are obtainable from the authors.41 It should be noted that the

DF formalism applies to the lowest state of a given symme-

try and not just to the ground state of a given molecule. A

comparison of calculated and measured VDE is a central part

of the present study, and full details are given in Sec. VI.

In Fig. 11 we plot the VDE values for the cage- and

ring-like structures found for the anions. For n.5 there is a

variety of chain structures, and the ranges of VDE values are

shown by bars for n56–8. The differences between the

VDE of the two classes of structures is striking. Apart from a

small peak at S5
2 , the broken ring structures show almost

constant or even decreasing VDE with increasing cluster

size, while the values for the chains increase at first and then

saturate near S6
2 . The outermost electron is more tightly

bound in the chains, an effect that has also been observed in

carbon clusters.42

The eigenvalue spectra support this view, since there is a

relatively small gap between the uppermost two occupied

orbitals in the chain isomers. Since the sum of the eigenval-

ues is one contribution to the total energy, a small gap leads

to a high VDE. The gap decreases continuously with increas-

ing cluster size from 0.83 eV in the C2h chain isomer of

S4
2 to 0.06 eV in the C2 helical chain isomer of S9

2 . A

FIG. 11. Vertical detachment energies of sulfur anions Sn
2 , n51–9. Circles:

experiment, crosses: calculations, including values for helical chains. The

bars cover the values for other chain structures.

FIG. 9. Binding energies per atom Eb /n for Sn
2 clusters as a function of n .

FIG. 10. Second energy differences D2En
2 for the Sn

2 clusters as a function

of n .
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detailed study of the densities shows that the additional elec-

tron occupies an antibonding orbital localized mainly on the

terminal bonds of the chain. The potential energy is then

lower in longer chains with larger distances between the

ends. This picture is consistent with the saturation of the

VDE found in longer chains.

The charged broken rings and planar structures are more

compact, and both the energy of the highest occupied elec-

tron state and its separation from the next occupied orbital

remain large as the cluster size increases. Apart from S1
2 ,

S2
2 and the D3h and D2h rings of S3

2 and S4
2 , the largest

eigenvalue gap (2.23 eV! and the lowest VDE was found in

the first genuine ring in S8
2 . The exceptionally low VDE of

S2
2 is not surprising, since the additional electron must oc-

cupy an antibonding orbital with a relatively large amplitude.

IV. VIBRATION FREQUENCIES

Recent experimental developments have made it pos-

sible to measure vibration frequencies and electron excita-

tions simultaneously, and spectra showing resolved vibra-

tional features have been reported for numerous clusters in

the gas phase ~see Refs. 43–48, and references therein!. In a

typical measurement,49,50 a mass-selected beam of cluster an-

ions is produced and the kinetic energy spectrum of photo-

detached electrons is measured. High-resolution spectra con-

tain information about the electronic and vibrational states of

the neutral cluster, as it is a consequence of the Franck–

Condon principle that transitions occur from the ground state

of the anion to the vibrationally excited states of the neutral

cluster.

We have used an eigenmode detection scheme51 based

on the self-consistent multiple-signal classification ~MUSIC!
procedure described by Kohanoff52 to calculate the vibration

frequencies of the neutral clusters closest to the geometry of

the most stable isomer of the anion. The calculations require

non-thermally-equilibrated MD trajectories for the system in

question. We remove an electron from the anion and allow

the systems to evolve in MD runs ~at 300–500 K! to find the

closest minimum on the energy surface of the neutral cluster.

The cluster atoms are then displaced by small amounts, ei-

ther randomly or according to the eigenvectors of the ex-

pected normal modes, and the trajectories followed for 2000

to 5000 time steps at 300 K. The results for selected clusters

are given in Table VIII, together with experimental frequen-

cies. The measured frequencies of S2
2 and S3

2 ~Table IX! are

for solutions. The dependence on the host is shown, e.g., by

the Raman frequencies of S2
2 in Na I, K I, and Rb I ~599.8,

600.0, and 605.7 cm21, respectively!.53 Data for S2
2 and

S3
2 in other solvents54 are given in Table IX. The calculated

frequency for S2 ~691 cm21) underestimates the experimen-

tal value55 by less than 5%.

The structures of both S3
2 isomers @Figs. 1~a! and 1~c!#

relax on ionization to the C2v
isomer of S3 @Fig. 12~a!#,

whose structural parameters are given in Table VII. Meyer

TABLE VIII. Calculated vibration frequencies ve ~cm21) of selected iso-

mers of neutral Sn , n52,3,4,6,9. Additional labels refer to the figures.

Molecule Symmetry Method Frequency ve

S2 D`h~3Sg
2) Expt.a 725.65 (sg)

Expt.b 725 6 12

here 691 (sg)

CIc 778 (sg)

S3 12~a! C2v
~1A1) Expt.d 256 (a1), 575 (a1), 656 (b2)

here 247 (a1), 583 (a1), 660 (b2)

DFe 257 (a1), 602 (a1), 690 (b2)

MP2f 263 (a1), 577 (a1), 758 (b2)

S3 12~b! D3h here 478 (e8), 625 (a18)

DFg 478 (e8), 619 (a18)

S4 12~c! C2v
~1A1) here 111 (a1), 238 (a2), 334 (b2),

336 (a1), 652 (b2), 689 (a1)

CIh 141 (a1), 222 (a2), 353 (b2),

421 (a1), 693 (b2), 701 (a1)

S4 12~d! D2h~1Ag) here 67 (b3u), 249 (au), 322 (ag),

335 (b1g), 668 (b2u), 697 (ag)

CIi 120i (b2u), 262 (au), 334 (ag),

355 (b3g), 782 (b1u), 877 (ag)

S4 13~a! C2h~1Ag) here 98 (au), 107 (bu), 216 (ag),

462 (ag), 638 (bu), 648 (ag)

CIj 101 (au), 140 (bu), 252 (ag),

528 (ag), 678 (ag), 681 (bu)

S6 13~b! D3h here 108(e9), 161 (a29), 207 (e8),

249 (a19), 271(a18), 301 (e9),

672 (e8), 710 (a18)

S6 13~c! D3d Expt.k 180 (eu), 203 (eg), 265 (a1g),

312 (a2u), 390 (a1u), 451 (eu),

462 (eg), 477 (a1g)

here 160 (eu), 187 (eg), 255 (a1g),

303 (a2u), 347 (a1u), 458 (eu),

474 (eg), 476 (a1g)

S9 13~d! C2 Expt.l 100, 104, 111, 117, 151, 155,

161, 181, 188, 215, 222, 245,

256, 297, 416, 436, 442, 454,

455, 463, 477

here 89(a), 119(b), 135(b), 148 (a),

170(a), 201(b), 219(b), 230(a),

230(b), 242(b), 295(a), 393(a),

419(a), 429(a), 435(b), 454(a),

465(a), 483(a)

aReference 55.
bPresent work, photoelectron detachment.
cReference 13, CISD~TZ2P1f!.
dReference 59.
eReference 62, TZ2P1f, LSD.
fReference 61, quoted by Ref. 62, MP2, 6-31G*.
gReference 62, TZ2P1f, LSD.
hReference 13, CISD~DZP!.
iReference 13, CISD~DZP!.
jReference 13, CISD~DZP!.
kReference 72.
la-S9 from Ref. 31.

TABLE IX. Calculated vibration frequencies (ve , cm21) of S2
2 and S3

2 .

Molecule Symmetry ve

S2
2

D`h , 2Pg Expt.a 589.4(sg)

here 577

S3
2 1~a! C2v

, 2B1 Expt.b 235.5 (a1), 535 (a1), 571 (b1)

here 216 ~a1!, 529 ~a1!, 557 ~b1)

aReference 54 ~S2
2 in ultramarine green!.

bReference 54 ~from blue and red sulfur solutions in dimethylformamide and

hexamethylphosphoramide!.
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et al.56 assigned a band in the gas phase absorption spectrum

at 590 cm21 to the a1 stretching frequency. Raman bands at

651 and 585 cm21 for S3 in an SO2 matrix and at 662 and

583 cm21 in solid argon57 were assigned to the b2 and a1

stretching modes.58 A Raman study of sulfur vapor59 identi-

fied three fundamental modes at 656, 575, and 256 cm21,

and a more detailed investigation by the same group assigned

the a1 bending and stretching modes to wave numbers of 281

and 581 cm21, respectively.60 In the infrared spectra in solid

argon, the b2 stretching mode has been identified,4 although

the wave numbers reported ~674.5, 676.2, and 680 cm21)

depend on the trapping site. While there is some scatter in

the measured frequencies, our calculated values of the har-

monic vibration frequencies are in overall agreement and de-

viate least ~less than 4%! from the results in Ref. 59. The

reoptimization after ionization of the C2v
structure @Fig.

1~b!# of S3
2 gave the D3h isomer of S3 @Fig. 12~b!, Table

VII#, to which no measured spectral features have been at-

tributed. Vibration frequencies calculated for these two iso-

mers of S3 using other methods61,62 are also given in Table

VII.

The fundamental vibration modes of S4 have been stud-

ied in both Raman and infrared spectroscopy. Clark and

Cobbold54 reported Raman bands at 352 and 674 cm21, and

Brabson et al.4 measured infrared spectra of sulfur in an ar-

gon matrix. Absorptions at 661.6 and 642.4 cm21 behaved

differently on annealing and photolysis, and were identified

with the C2v
open chain @Fig. 12~c!# and the branched ring

nonplanar isomers of S4 , respectively. The vibration fre-

quencies found in the present investigation are compared

with those of Quench et al.13 in Table VIII. While it is not

possible to make a definite assignment of the basis of the

calculated frequencies, particularly as the measured values

are in a matrix, our calculations show modes at 652 and 689

cm21 for the C2v
isomer @Fig. 12~c!#. In Table VIII we also

present the calculated vibration frequencies in the D2h @Fig.

12~d!# and C2h isomers @Fig. 13~a!# of S4 .

The S6
2 structure @Fig. 2~e!# relaxes to the prismane

(D3h) form of the neutral cluster @Fig. 13~b!# after ioniza-

tion. If the structure @Fig. 2~f!# is taken as the starting geom-

etry for S6 , it relaxes to the (D3d) ground state @Fig. 13~c!#.
The vibration frequencies calculated for both S6 structures

are given in Table VIII together with measured values of the

latter.

The vibration frequencies in S9 are of particular interest.

Although two different forms have been identified, it has not

yet proved possible to prepare single crystal samples.31 The

essential details of the structure could nevertheless be deter-

mined from the Raman spectra, since the distribution of the

vibration frequencies was quite different from those of other

sulfur rings. In particular, there were gaps in the frequency

distributions between 310 and 410 and 490 and 600 cm21.

The frequency spectrum was only consistent with C1 or C2

symmetry, and with relatively narrow ranges of bond lengths

~3.84–3.95 a.u.! and dihedral angles ~70°–130°!.
We have performed a detailed study of the vibration fre-

quencies of the most stable isomer found in the MD/DF

calculations,11 and compare the results with the measured

Raman frequencies31 in Table VIII. The low symmetry of the

molecule and the relatively large number of modes ~21! com-

plicate the calculations, and we include only modes whose

symmetries can be identified unambiguously. The differences

between the frequencies in the a and b forms of S9 ~Ref.

31!—the symmetric ring deformation, e.g., leads to intense

Raman lines at 188 and 181 cm21, respectively—indicate

that we cannot expect detailed agreement between theory

and experiment. Nevertheless, the overall agreement is satis-

factory, particularly concerning the frequency gaps men-

tioned above. We have little doubt that the most stable iso-

mer in S9 is the C2 structure shown in Fig. 13~d!.

FIG. 12. Structures of selected isomers of neutral S3 and S4 . FIG. 13. Structures of selected isomers of neutral S4 , S6 , and S9 .
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V. EXPERIMENT

The general features of the apparatus have been de-

scribed in detail elsewhere,63 and we devote the present sec-

tion to a discussion of those aspects specific to the present

work on sulfur.

A. Experimental setup

1. Cluster ion source

The sulfur clusters are generated in a pulsed arc cluster

ion source ~PACIS!.64 The negative electrode is a vertical

molybdenum rod of diameter 10 mm, and the reservoir is a 9

mm hole drilled 10 mm into the top. Molten sulfur is poured

into the reservoir and allowed to harden. The positive elec-

trode is a 5 mm tungsten rod mounted above the reservoir,

and the gap between the tip of the upper electrode and the

rim of the reservoir is maintained at ;2 mm during cluster

generation. The reservoir allows two to three days of stable

operation.

A pulse of He gas is flushed through the gap between the

two electrodes during ignition of the arc, which is achieved

by applying a high voltage ~600 V! across the electrodes. An

electric discharge burns with a current limited to 10 A and

triggers the low voltage/high current arc. The voltage of the

arc power supply can be adjusted between 0–450 V, and the

total resistance of the arc circuit is constant (;0.05 V).

Ignition of the arc requires a minimum voltage of about 40 V

and a current of 800 A, and the ignition time can be varied

continuously between 10 and 500 ms. The repetition rate is

limited by the detachment laser ~see below! to 20 Hz. While

the amount of neutral vaporized material is roughly propor-

tional to the electric energy ~the product of the ignition time

and the arc voltage!, the peak intensity of negative ions is

greatest with a pulse length of 20 ms and a voltage of 80–

300 V, corresponding to a current of 1600–6000 A. As the

amount of material in the reservoir decreases, the voltage

must be increased to obtain optimum anion intensities.

The arc burns between the two molybdenum electrodes,

but neither metal atoms nor other significant impurities have

been found in the mass spectrum of the negative ions. This is

surprising, since sulfur is an insulator, and the rim of the

reservoir may function as a ‘‘candle wick’’ to vaporize some

sulfur with each pulse. An intense signal of molybdenum

cluster anions is observed if the reservoir contains no sulfur.

The He pulse carries the vaporized material into a 5 cm

long channel of diameter 4 mm, where the He/sulphur

plasma cools and sulphur clusters grow. These clusters then

enter a 5 cm long conical nozzle and are cooled further in a

supersonic jet. After passing a skimmer, the negatively

charged clusters are accelerated in a pulsed electric field

~Wiley–McLaren time-of-flight mass spectrometer!.
The resulting mass spectrum depends on the following

parameters of the source:

~1! the intensity of the He gas pulse ~stagnation pressure!;
~2! the time delay HA between the opening of the He valve

and the ignition of the arc;

~3! the time delay AE between ignition and the switching on

of the electric field;

~4! the voltage of the arc; and

~5! the duration of the arc.

It is important to discuss the effect of changing these param-

eters, since this can result in the preferential generation of

different isomers. A lower intensity of the He pulse results in

a slower transport of the clusters through the extender and

favors the formation of larger clusters. The time delay HA

has a similar influence, because at the beginning and the end

of the He pulse its intensity and therefore its flow velocity is

low. The parameter AE determines whether clusters leaving

the source first or later are detected in the mass spectrum.

Clusters leaving the source immediately after ignition have

spent a short time in the extender and are smaller. The volt-

age of the arc determines the rate of vaporization and the

partial pressure of S, a large value of which results in more

collisions and larger clusters. The duration of the arc has

only a minor influence on the mass spectrum.

The effects of changing the above parameters are not

independent, so it is difficult to obtain a complete under-

standing of the growth processes in the source. Nevertheless,

the most important parameter appears to be the time spent by

the clusters in the extender. It has been found for carbon

clusters65 that a very long extender at low He gas flow favors

isomers with highly symmetric geometries ~i.e., those that

need time to form!, while a short extender at high flow fa-

vors low symmetry isomers that form rapidly.

2. Electron spectrometer

The anion beam is separated, according to their veloci-

ties, into a sequence of bunches of clusters with a defined

mass. The beam is directed through the source region of a

‘‘magnetic bottle’’-type time-of-flight electron spectrometer.

A selected bunch is irradiated by a UV–laser pulse, the de-

tached electrons are guided by magnetic fields towards the

detector, and their kinetic energy determined from the mea-

sured time of flight. A photoelectron spectrum is the plot of

measured electron intensity against binding energy BE ~pho-

ton energy minus kinetic energy!.
Two photon energies are used in the present experiment:

3.49 and 4.66 eV corresponding to the third and fourth har-

monics of a Nd–Yag laser, respectively. The laser flux—

about 100 mJ cm22—is high enough to allow fragmentation

to take place via multiphoton processes, and features of the

spectrum of S2 were found in the spectra of several Sn
2

clusters. These result from the process

Sn
2

1hn→Sn211S2.

A second photon can detach the electron from the monomer,

resulting in a superposition of the spectra of the monomer

and the cluster. The relative intensities of these features in

the spectra vary, since this process depends nonlinearly on

the laser flux, which may vary during the measurements. In

all cases, however, these peaks are relatively small and easy

to identify.

The energy resolution of the spectrometer depends on

the kinetic energy of the electrons and the velocity of the

anions. It is limited here to 40–70 MeV by charging arising
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from reactions between sulfur and the surfaces of the optic

elements. There is an additional uncertainty in the absolute

value of the BE of 60.05 eV.

B. Results

1. Mass spectra

Figure 14 displays the comparison of two mass spectra

of Sn
2 clusters obtained at two different adjustments of the

PACIS. In case a the source is adjusted to favor small clus-

ters with n52–7. The intensity is low for the monomer,

highest for the dimer, and then decreases slightly up to n56.

The intensity of S7
2 is again slightly higher and then there is

a sharp drop for the larger clusters. With the exception of the

trimer, clusters with n,6 have a very low intensity in spec-

trum b . The progression starts at S6
2 and reaches a maximum

at S10
2 . Only S3

2 , S6
2 , and S7

2 have relatively high intensities

in both spectra.

It is also possible to generate mass spectra with an in-

tensity distribution averaged between the two spectra shown,

for the monomer alone, or for very large clusters. The two

spectra displayed in Fig. 14 are of special interest, because

the photoelectron spectra for S6
2 and S7

2 differ completely,

indicating the generation of different isomers with different

source adjustments. Since all the adjustment parameters dif-

fer in the two cases and each spectrum can be obtained using

more than one set of parameters, it is difficult to analyze the

growth processes responsible. However, spectrum a is prob-

ably the result of a slower process similar to an annealing of

the clusters, and spectrum b the result of a more rapid cool-

ing process.

The acceleration of the anions in the time-of-flight mass

spectrometer is collinear with the supersonic jet. The jet ve-

locity, which must be added to the velocity resulting from the

electric field, depends on the stagnation pressure of the ex-

pansion and leads to slight shifts in the peak positions in the

mass spectra. In spectrum b , e.g., the He pulse is more in-

tense, the clusters have shorter times of flight than in a and

spend less time in the extender. If all other parameters were

the same, the average cluster size would be smaller in b than

in a . However, using a higher arc voltage increases the rate

FIG. 15. Photoelectron spectra of Sn
2 clusters (n51–5! recorded at

hn53.49 eV photon energy. See the text for a discussion of the features

marked.

FIG. 14. Mass spectra of Sn
2 clusters generated by the PACIS. ~a! Slow

cooling of the sulfur plasma, ~b! more rapid cooling. The larger average size

in the latter is due to the higher concentration of S in the carrier gas.
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of vaporization and the partial pressure of sulfur, and larger

clusters can result.

2. Photoelectron spectra

Figures 15–18 display photoelectron spectra of the Sn
2

clusters recorded at photon energies hn of 3.49 ~Fig. 15! and

4.66 eV. The VDE and the emission threshold can be deter-

mined from these spectra. The VDE is taken as the BE of the

maximum of the peak corresponding to the transition from

the electronic ground state of the anion into the electronic

ground state of the neutral cluster. An unambiguous determi-

nation of this maximum is not possible in larger clusters with

several states close to the ground state of the neutral cluster

~Fig. 17!. The VDE is estimated in such cases from the lev-

eling of the emission signal at higher BE after the initial

increase. Where this occurs, we increase the BE by 0.2 eV to

allow for the estimated full width at half-maximum ~FWHM!
of the unresolved peak.

The emission threshold is determined by fitting a linear

slope to the onset of the emission signal at lowest BE. The

onset is taken as the intersection of this line with the base

line. In some spectra we observe an exponential threshold

behavior, which develops gradually into a linear increase at

higher BE. The exponential tail may correspond to hot bands

and is neglected in the determination of the onset.

Vibrational fine structure is resolved for Sn
2 with

n52,3,4,6, corresponding to transitions from the ground

state of the anions. The vibration frequencies are assigned to

modes of states of the neutral cluster. For S4
2 a second pro-

gression is found for a transition into an excited state of

S4 . The VDE, emission thresholds, and frequencies are listed

in Table X and the binding energies corresponding to

FIG. 17. Photoelectron spectra of S6
2 and S7

2 recorded at hn54.66 eV

photon energy. Spectra are shown for each cluster for two source adjust-

ments corresponding to the mass spectra shown in Fig. 14. Adjustment ~a!

S6
2 ~I! and S7

2 ~I!, adjustment ~b! S6
2 ~II! and S7

2 ~II!.

FIG. 16. Photoelectron spectra of Sn
2 clusters (n51–5! recorded at

hn54.66 eV photon energy. See the text for a discussion of the features

marked.
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different transitions in Table XI. We discuss the spectra for

the individual clusters in the remainder of this section.

3. S1
2

Feature A in the spectra of S1
2@Figs. 15~a! and 16~a!# is

assigned to the transition from the electronic ground state of

the anion to the ground state of the sulphur atom ~3P2). The

multiplet fine structure with a splitting of 71 MeV ~Ref. 66!
is not resolved. The BE of feature A corresponds to the elec-

tron affinity of S ~2.077 eV!,6 and B is assigned to the tran-

sition into the 1D state of neutral S ~3.223 eV BE52.077 eV

electron affinity plus 1.146 eV excitation energy!. The spec-

trum recorded at hn54.66 eV @Fig. 16~a!# shows a feature at

very low kinetic energy ~4.4–4.5 eV BE, denoted BG! that

corresponds to background electrons. These are generated by

scattered light striking surfaces within the spectrometer and

are observed in several spectra ~denoted BG in each case!.

4. S2
2

The spectra of S2
2 @Figs. 15~b! and 16~b!# are in good

agreement with earlier work of Celotta et al.7 Feature A is

assigned to the transition between the ground states of S2
2

and S2 , and a single vibrational progression with a frequency

of 725612 cm21 ~Table X! is assigned to the latter. The

VDE, corresponding to the maximum of feature A, is 1.84

6 0.05 eV ~arrow, see Table X! and the onset is at 1.565

6 0.05 eV. In Ref. 7, the adiabatic electron affinity was

given as 1.663 6 0.04 eV ~position of the 0–0 transition!.

FIG. 18. Photoelectron spectra of Sn
2 clusters (n58–11! recorded at

hn54.66 eV photon energy. See the text for a discussion of the features

marked.

TABLE X. Sn
2 clusters: vertical detachment energies ~VDE, eV!, emission

thresholds ~eV!, and vibration frequencies of Sn ~cm21), with uncertainties

in brackets. Calculated VDE are also given. There are many chain-like iso-

mers. Values in square brackets are for helical chains.

VDE Thrush n1 n2

n Expt. Calc.

2 1.84 ~0.05! 1.91 1.565 ~0.05! 725 ~12!

3 2.50 ~0.05! 2.64 2.31 ~0.1! 570 ~24!

4 2.42 ~0.05! 2.49 2.22 ~0.03! 250 ~16! 630 ~24!

5 2.97 ~0.03! 2.85 2.80 ~0.05!

6~I! 2.62 ~0.1! 2.61 2.26 ~0.1!

6~II! 3.35 ~0.05! @3.55# 3.21 ~0.07! 570 ~32!

7~I! 2.66 ~0.05! 2.69 2.26 ~0.05!

7~II! 3.38 ~0.05! @3.52# 3.16 ~0.05!

8 3.87 ~0.07! @3.62# 3.59 ~0.05!

9 3.90 ~0.1! @3.68# 3.6 ~0.1!

10 3.90 ~0.15! 3.5 ~0.1!

11 3.75 ~0.2! 3.43 ~0.1!

TABLE XI. Binding energies ~at the maxima! of transitions in the photoelectron spectra of Sn
2 ~eV!. Assignments A–D correspond to those in the spectra

~Figs. 15–18!, experimental numbers are given in the left column with uncertainties in brackets, calculated values in the right column. ‘‘Frag’’ denotes features

assigned to photoemission from S1
2 ions generated by photofragmentation.

n A B C D E

2 1.84 ~0.05! 1.91 2.3 ~0.1! 2.45 2.73 ~0.1! 2.98 4.4 ~0.15!

3 Frag 2.50 ~0.05! 2.64 3.7 ~0.1! 3.73/3.77 3.9 ~0.1! 3.95

4 Frag 2.42 ~0.05! 2.49 2.7 ~0.1! 2.96 ~0.05! 3.19 3.87 ~0.1! 3.96

5 Frag 2.97 ~0.03! 2.85/3.28 3.9 ~0.1! 3.81/3.92

6~I! 2.62 ~0.1! 2.61 3.3 ~0.15! 3.17 4.1 ~0.1! 3.80

6~II! 3.35 ~0.05! 3.55

7~I! 2.66 ~0.05! 2.69 3.47 ~0.07! 3.88 4.14 ~0.07! 4.15 4.4 ~0.1! 4.51

7~II! 3.38 ~0.05! 3.52 3.6 ~0.2! 3.62

8 3.87 ~0.07! 3.62/3.89 4.3 ~0.07! 4.12

9 3.9 ~0.1! 3.68/3.94 4.3 ~0.1! 4.24

10 3.9 ~0.15! 4.35 ~0.1!

11 3.75 ~0.2! 4.1 ~0.15!
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These authors assigned the 0–0 transition to the first well

resolved vibrational transition at low BE @X in Fig. 15~b!#,
which is at 1.709 6 0.015 eV in our spectrum. The differ-

ence between the measured positions of the 0–0 transition

~1.663 and 1.709 eV! in the two measurements indicates the

experimental uncertainties present. The differences between

the VDE, the emission threshold, and EA show that they are

by no means identical.

Features B and C, which have vibrational fine structures

very similar to that in A, correspond to transitions into elec-

tronically excited states of S2 ~see Table XI!. The spectrum

recorded at hn54.66 eV shows a feature with binding en-

ergy 4.3 eV @D in Fig. 16~b!, Table XI# that is also assigned

to a transition into an excited state of the dimer. It is located

at almost the same BE as the background. The intensity of

the dimer emission signal is much higher than the back-

ground signal, so that we may neglect the contribution of the

background.

5. S3
2

The spectrum of S3
2 recorded at hn53.49 eV @Fig.

15~c!# shows a feature ~A! that we assign to emission from

the monomer as a result of fragmentation ~see Sec. V A 2!.
Feature B is assigned to the ground state transition in accord

with earlier measurements.8 The VDE is 2.50 6 0.05 eV and

the emission threshold 2.31 6 0.1 eV. The position of the

first well resolved vibrational transition @Fig. 15~c!# at lowest

BE is 2.396 6 0.02 eV, in analogy to the dimer, and a similar

vibrational progression was found in the earlier work. How-

ever, the onset ~BE of the 0–0 transition52.10660.014 eV!
and the intensity maximum ~VDE52.4160.03 eV! are

shifted significantly towards lower BE, suggesting a different

vibrational temperature of the anions. Another possibility is a

reduced transmission of the hemispherical analyzer for elec-

trons with low kinetic energies. Since the photon energy in

the earlier experiment was relatively low (hn52.707 eV!
and the minimum pass energy was about 0.2 eV, the com-

plete Franck–Condon profile of this transition could not be

recorded.

The vibration frequency we find ~570 6 24 cm21) is

larger than that in Ref. 8 ~500 6 48 cm21). A reevaluation of

the earlier data yields a spacing between the first four ob-

served transitions @denoted a–d, a–c not observed in Fig.

15~c!# of 500 cm21 and a larger spacing of 550 cm21 be-

tween features d–f. The measured position of feature g at the

low energy cutoff might be shifted towards lower BE due to

the decreasing transmission. Our analysis is based on the

spacing between features e–i ~h and i were not observed in

the earlier work!. If feature d is assigned to the 0–0 transi-

tion, the difference in the vibration frequency might be due

to the difference between hot and cold bands. The earlier

work indicates that the BE of feature d is 2.30260.07 eV,

which corresponds to the weak transition near the first well

resolved peak @e in Fig. 15~c!# on the low BE side. Accord-

ingly, either feature d ~BE52.326 eV! or feature e ~BE

52.396 eV! in our spectrum could be assigned to the 0–0

transition. Two transitions into excited states of the neutral

trimer are observed in the spectrum recorded at hn54.66 eV

~C and D, see Table XI!.

6. S4
2

The spectrum of S4
2 recorded at hn53.49 eV @Fig.

15~d!# shows a feature ~A! that we assign to emission from

the monomer as a result of fragmentation ~see above!. Fea-

ture B @Figs. 15~d! and 16~d!# is assigned to the ground state

transition. The VDE is 2.4260.05 eV and the emission

threshold is 2.2260.03 eV. Feature B exhibits a vibrational

fine structure corresponding to a frequency of 250616

cm21 ~see insert!. A second feature ~C!, with a much more

pronounced vibrational progression corresponding to a vibra-

tion frequency of 630624 cm21, is observed with BE 2.7

eV. Two other features ~D and E! correspond to transitions

into higher excited states of S4 .

7. S5
2

Feature A @Figs. 15~e! and 16~e!# is assigned to fragmen-

tation into S1
2 ~see Sec. V A 2!, and B to the ground state

transition with a VDE of 2.9760.03 eV and an emission

threshold of 2.8060.05 eV. Another feature ~C! arises from a

transition into an excited state and is observed in the spec-

trum recorded at hn54.66 eV @Fig. 16~e!, Table XI#. No

vibrational fine structure has been resolved.

8. S6
2

Two different photoelectron spectra @Figs. 17~a! and

17~b!# have been recorded for S6
2 using the source adjust-

ments a and b shown in the mass spectra of Fig. 14. We have

also found source parameters that produce a superposition of

the two photoelectron spectra shown. Indeed, the smooth,

relatively weak emission signals in the BE range from

2.4–4.4 eV observed in Figs. 17~b! and 17~a! are almost

identical. We assign the dominant features ~A, B, and C! in

the spectra @Figs. 17~a! and 17~b!# to photoemission from

two different isomers of S6
2 , which we denote ~I! and ~II!,

respectively.

It was not possible to generate pure S6
2 ~II!, so that Fig.

17~b! includes a contribution from the spectrum of S6
2 ~I!.

The only vibrational fine structure observed, feature A in the

spectrum of S6
2 ~II!, corresponds to a frequency of 570632

cm21 ~Table X!.

9. S7
2

As in the case of S6
2 , two different spectra @Figs. 17~c!

and 17~d!# have been recorded for S7
2 , corresponding to two

different isomers: S7
2 ~I! and S7

2 ~II!. The latter was more

difficult to generate and the photoelectron spectrum exhibits

a rather poor signal-to-noise ratio. Fortunately, the contribu-

tion from S7
2 ~I! to this spectrum is very small. No vibra-

tional fine structure has been resolved.

10. S8
2–S11

2

Figure 18 displays the photoelectron spectra of the larger

Sn
2 clusters up to n511. These clusters have relatively high

VDE and show at most two clearly resolved transitions at

relatively high BE. The origin of the weak features in the

spectra of S8
2 and S10

2 at lower BE ~3.0–3.4 eV! is unclear.

For Sn
2 with n59–11 we observe a single feature that con-
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sists of two peaks ~A and B! with relatively broad, overlap-

ping Franck–Condon distributions, and we determine the po-

sitions of the peak maxima by fitting. No vibrational fine

structure could be resolved in the spectra of these species.

VI. COMPARISON OF THEORYAND EXPERIMENT

The experimental results presented in Sec. V will now be

compared with the results of the calculations described in

Secs. III and IV. We shall discuss the VDE, the adiabatic

electron affinities, the vibrational frequencies, and the rela-

tive stabilities of the isomers.

A. Vertical detachment energies

Figure 11 shows a comparison of the calculated VDE

with values extracted from the photoelectron spectra, includ-

ing values for S6
2 and S7

2 found in both spectra. More details

are given in Tables X and XI. The calculated values are

shown for the most stable closed and open isomers. In the

case of ions with n.5, there is a variety of chain structures

and we show both the range of VDE values and the result for

the helical chain.

The overall agreement is remarkably good. For the clus-

ters up to S5
2 the experimental VDE agree with the values for

the most stable closed structures to within 0.15 eV, and the

two measured values for S6
2 and S7

2 are very close to the

calculated VDE of the most stable closed and open forms.

The experimental values for S8
2 and S9

2 are in the same range

as those for the chain-like structures. For the cases where a

definite assignment of the transition could be made, the larg-

est discrepancy was in the C2v
~ground! state of S3

2 , where

the calculated and measured VDE were 2.64 and 2.50

60.05 eV, respectively.

The VDE plotted in Fig. 11 are for transitions to the

most stable state in the neutral clusters. However, transitions

into excited states of Sn can be identified and provide valu-

able additional information. A comparison of some of the

measured peak positions in the photoelectron spectra with

calculated excitation energies is given in Table XI. In the

dimer, e.g., the first three peaks ~1.84, 2.45, and 2.73 eV! are

in satisfactory agreement with the excitation energies to the
3Sg

2 , 1Dg , and 1Sg
1 states of S2 ~1.91, 2.45, and 2.98 eV!.

Energy differences in larger clusters can provide structural

information. For S3
2 , the measured excitation energies ~2.50,

3.7, and 3.9 eV! are consistent with transitions for the open

structure @Fig. 1~a!# to the 1A1 , 3A2/3B1 , and 3B2 states of

the neutral cluster ~2.64, 3.73/3.77, and 3.95 eV!, but not

with excitations for the ring structure @Fig. 1~b!# ~1.34, 2.93,

and 2.94 eV for the 1A1 , 3A2 , and 3B1 states, respectively!.

The measured binding energies in S4
2 ~Table XI! are consis-

tent with the calculated multiplet structures of the C2v
@Fig.

1~d!# and D2h @Fig. 1~e!# geometries, but incompatible with

the results for the C2h form @Fig. 1~f!# ~2.89, 3.36, and 4.07

eV for 1Ag , 3Bu , and 1Bu , respectively!. As noted above,

tables of the multiplet structures calculated for other sulfur

cluster anions are obtainable from the authors.41

B. Adiabatic electron affinities

The adiabatic electron affinity is the energy difference

between the optimized structures of anion and neutral cluster.

The largest discrepancy between calculation and experiment

was found for the C2v
ground state of S3

2 , where the calcu-

lated value ~2.50 eV! is larger than the experimental ~2.396

60.02 eV!. The calculated value for the C2v
isomer of S4

2

~2.38 eV! agrees very well with the results of a CI calcula-

tion with Davidson correction, 2.46 eV.15 The comparatively

small theoretical AEA for S6
2 ~1.68 eV! reflects the large

difference between the structures of the ground states of the

anion (C2) and the neutral ring cluster (D3d).

C. Vibration frequencies

The calculated vibration frequencies were compared

with earlier data in Sec. IV. In two- and three-atom clusters

~Tables VIII and IX! the agreement is generally better than

found with other methods of calculation. For S4 , the mea-

sured frequencies correspond better with calculated values

for the C2v
and D2h isomers than with the C2h form, as

might be anticipated from the relative stabilities calculated

for the three structures.

The only frequency measured for the S6 structure ~570

632 cm21) is significantly higher than both the calculated

and Raman frequencies of the D3d isomer and falls in a

pronounced gap of the spectrum for the D3h isomer. Since

the vibrational structure was only observed in spectrum

S6
2~II!, where the anions are chain-like, this is evidence that

the neutral cluster does not have time to relax to one of the

more stable isomers during the measurement. It is also con-

sistent with the observation3 that all unbranched sulfur rings

regardless of the size have no fundamental frequencies above

530 cm21. To examine this point further, we have studied

the vibrations of S6 with the helical (C2) geometry found for

the S6
2 anion. The existence of a totally symmetric (a) vi-

bration with frequency 619 cm21 provides further support

for the above picture.

VII. DISCUSSION AND CONCLUDING REMARKS

We have performed a detailed study—both theoretical

and experimental—of negatively charged and neutral sulfur

clusters, focusing on trends in the geometries, multiplet

structures, and energy differences. The comparison between

theory and experiment ~Fig. 11 and Table X! indicates that

clusters generated by the source are ring-like up to S5
2 and

chain-like for S8
2 and S9

2 . S6
2 and S7

2 can occur in both

forms, with source adjustments a and b favoring rings ~low

VDE! and chains ~higher VDE!, respectively. The photoelec-

tron spectra @Figs. 17~a!–17~d!# then provide some of the

first direct spectroscopic evidence for the existence of differ-

ent cluster isomers in the gas phase. The existence of mul-

tiple isomers can also be inferred from measurements of re-

action kinetics.67,68

The transition from closed to open structures as n in-

creases through 6–7 is interesting, since the calculations pre-

dict that the most stable isomer is closed for all cluster sizes.

Although an unambiguous analysis of the growth processes

of the clusters would require careful measurements of the
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partial pressures, temperatures, and flow velocities at various

points in the source, we now show that energetic stability is

not the only criterion for the occurrence of particular struc-

tures in a cluster beam.

We note first that similar observations have been made in

beams of carbon clusters,65 where rapid cooling can result in

the production of several isomers that are not necessarily the

most stable. For example, most C60 clusters have ring and

double ring structures, and the cage-like fullerene isomer

dominates only if slow annealing is allowed. In Sn
2 as well,

chain-like growth can occur through the addition of terminal

atoms, while closed structures involve more complicated

growth patterns. For S6
2 and S7

2 , rings are observed when

conditions allow a slower cooling of the plasma and more

time for the nuclei to rearrange. There are fewer isomers in

the smaller clusters, the time required for structural relax-

ation is shorter, and only the most stable ring-like structures

are observed. If the Sn
2 clusters grow as chains, ring forma-

tion by bonding between the terminal atoms will be ham-

pered by the negative charge localized on these atoms. The

net charge on the anion is crucial, as we have found that all

chain structures anneal to a closed form if the additional

electron is removed.

The isomer distribution in the anions leaving the source

is the result of growth, fragmentation, and charge transfer

processes. The observation of chain-like isomers is consis-

tent with their higher EA values, since such particles are

more likely to survive these processes and be more abundant

in the mass spectra. This does not exclude clusters with

lower EA, as we have seen in S6
2 and S7

2 . It is possible that

ring-like structures could be generated if the cluster beam is

annealed suitably, as found in Cn clusters.65

We conclude with the observation that the number of

chain isomers in the larger clusters is much greater than the

number of isomers with closed structures. This can be appre-

ciated by examining the pattern of the signs of the dihedral

angles in the structures ~‘‘motif’’!.69 Closed structures re-

quire distinct patterns ~such as 12121212 in the most

stable isomer of S8
2), while open structures can have a vari-

ety of combinations of 1, –, and 0, since the beginning and

the end of the chain are not constrained to coincide. The

higher configurational freedom of the chains means that they

are favored by entropy considerations at higher temperatures,

an effect also found in carbon clusters.70,71

The cluster source used in the present study has been

applied to transition and noble metals, to alkali metals, and

to aluminum and gallium clusters, the last of these being

generated from the liquid metal. In the present work, the

sample is nonmetallic sulfur. Together with detailed theoreti-

cal calculations, such as those described here, it should in the

future be able to provide information about the structures of

clusters of other elements and of molecules containing more

than one element.
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APPENDIX: HARTREE ENERGY OF AN ISOLATED
CLUSTER

We discuss here the details of our energy calculations for

charged clusters. Within the DF scheme, we require the Har-

tree energy of a density of the form

n t~r!5n~r!1n0 ,

where n(r) is the valence electron density

n~r!5(
i

f iuc i~r!u2

of the Kohn–Sham states c i(r) with occupation numbers

f i , and n0 denotes a uniform background charge required for

charge neutrality. Since we use large unit cells and a single k

point, there is no integration over the Brillouin zone. It is

convenient to evaluate the Hartree energy in k space using

the fast Fourier transform ~FFT! technique

1

2
E

V
drE dr8

n t~r!n t~r8!

ur2r8u
5

1

2 (
$Gk%

8VUn~Gk!

N
U2 4p

Gk
2 .

Here, V denotes the volume of the unit cell of the periodic

lattice. The only contribution of n0 is to eliminate Gk50,

which is then excluded from the sum ~indicated by the

prime!. $Gk% denotes the set of reciprocal FFT lattice vec-

tors:

Gk5(
i51

3

k ibi , k i52

N i

2
11,...,

N i

2

conjugate to the real-space FFT mesh

rj5(
i51

3

j i

ai

N i

, j i50,...,N i21

of size N1N2N35:N within the unit cell containing the clus-

ter (ai denote the primitive basis vectors, bi denote the basis

vectors of the reciprocal lattice, and the N i are assumed to be

even for simplicity!.
The essential step in our procedure amounts to a rigid

separation of the clusters and their electronic densities as

determined in the original unit cells, by distances luaiu in

each direction of the direct lattice, while maintaining period-

icity. The uniform background charge in the space between

the clusters is accordingly reduced to n0 /l3. In k space, this

is accompanied by an expansion of the real-space FFT mesh

to

rj8
5(

i51

3

j i8
ai

N i

, j i850,...,lN i21
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of size l3N and a refinement of the conjugate k space mesh

to

Gk8
5(

i51

3

k i8
bi

l
, k i852

lN i

2
11,...,

lN i

2
.

The Coulomb potentials of this sequence of densities con-

verge in the limit of infinite separation of the cells (l→`) to

the solution of the Coulomb equation for an isolated cluster

cut at the cell boundaries and obeying zero boundary condi-

tions at infinity. That is, n(r)5( i f iuc i(r)u2, if r is in the

original unit cell and n(r)50 otherwise.

It is possible to reduce the computational effort substan-

tially, since we need only the FFT components of the density

n(r) that is continued to the larger mesh by the prescription

n(rj
8
)50, rj

8
¹V . We note that each vector of the finer k

space mesh can be decomposed unambiguously into a sum of

a vector Gk of the coarser mesh and a vector gk9
:

Gk8
5Gk1gk9

, gk9
5(

i51

3

k i9
bi

l
, k i950,...,l21.

The set $gk9% contains l3 vectors. The FFT components on

this mesh can be written as

nc~Gk8
!5nc~Gk1gk9

!

5(
rj

nc~rj!exp2ı~Gk1gk9
!rj

5(
rj

@nc~rj!exp2ıgk9
rj#exp2ıGkrj , ~A1!

so that we need l3 FFTs, each of length N , to compute the

l3N FFT components of the entire set $Gk8%. The number of

operations for a single FFT is of the order l3N log2(l
3N),

while the present procedure needs l3N log2(2N)2N opera-

tions @including (l3
21)N operations to compute the quanti-

ties in the brackets in Eq. ~A1!#. As usual in this context,

‘‘operation’’ means a complex multiplication that is followed

optionally by a complex addition. In the present case, this

leads to a reduction in the number of operations by about

50% on average.

In the present work, we calculate the FFT components

and Hartree energies for several l1<l2< ... and extrapolate

polynomially to the limit l→` . By taking ln52ln21 , one

can use all the components of the previous steps, since

$Gk8% ln21
,$Gk8% ln

. We have used lmax58 in the results pre-

sented in this paper.
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