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Equilibrium polymerization of cyclic carbonate oligomers.
III. Chain branching and the gel transition
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Ring-opening polymerization of cyclic polycarbonate oligomers, where monofunctional active sites
act on difunctional monomers to produce an equilibrium distribution of rings and chains, leads to a
‘‘living polymer.’’ Monte Carlo simulations@two-dimensional~2D! and three-dimensional~3D!# of
the effects of single@J. Chem. Phys.115, 3895~2001!# and multiple active sites@J. Chem. Phys.116,
7724 ~2002!# are extended here to trifunctional active sites that lead to branching. Low
concentrations of trifunctional particlesc3 reduce the degree of polymerization significantly in 2D,
and higher concentrations~up to 32%! lead to further large changes in the phase diagram. Gel
formation is observed at high total density and sizablec3 as a continuous transition similar to
percolation. Polymer and gel are much more stable in 3D than in 2D, and both the total density and
the value ofc3 required to produce high molecular weight aggregates are reduced significantly. The
degree of polymerization in high-density 3D systems is increased by the addition of trifunctional
monomers and reduced slightly at low densities and lowc3 . The presence of branching makes
equilibrium states more sensitive~in 2D and 3D! to changes in temperatureT. The stabilities of
polymer and gel are enhanced by increasingT, and—for sufficiently high values ofc3—there is a
reversible polymer–gel transformation at a density-dependent floor temperature.
© 2002 American Institute of Physics.@DOI: 10.1063/1.1505023#
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I. INTRODUCTION

Many common industrial polymers@polyethylene~PE!,
polyvinyl chloride ~PVC!, polystyrene~PS!, etc.# comprise
chains of difunctional monomers that are topologica
one-dimensional,1 a feature shared by important biologic
molecules such as polysaccharides, proteins, RNA,
DNA.2 The addition of multifunctional units can lead to no
linear structures~branching, star polymers, combs, network
etc.! differing in the nature of the branching centers, th
ordered or statistical distributions, and the presence of
mary and secondary~grafted! chains, etc. Multifunctional
units can arise as additives, impurities, or from paras
reactions,3 and the resulting crosslinks can alter greatly t
polymer size distribution and the dynamical~e.g., diffusion,
viscosity! and mechanical properties.4,5 Moreover, branching
can result in transitions to qualitatively new phases such
gels and rubber.6 The distribution of multifunctional units
depends mainly on statistical properties~entropy! at low con-
centrations, while potential energy changes, steric effe
and stoichiometry are important at high concentration.
netic effects are important, since the formation and break
of covalent bonds often involve large energy barriers an
suitable catalyst, whose nature and concentration could a
the number and distribution of branching points.

Most investigations of polymer branching and gelati
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have been devoted to systems in which chemical bonds f
suddenly and irreversibly, leading to nonequilibriu
conditions.7 However, real systems often show reversibili
and equilibrium considerations are crucial in the polymeri
tion and gelation stages. The complexity of polymers and
low concentration of branching centers often prevent th
experimental investigation, so that computer simulations
suming thermodynamic equilibrium8,9 and the presence o
multifunctional units provide an attractive alternative.
spite of rapid progress,10 however, simulations of equilib-
rium polymers cannot yet explore all relevant systems a
conditions, and very few have included branching.11

We study branching by extending a model12,13 of the
ring-opening polymerization~ROP! of cyclic carbonate oli-
gomers activated by a metallo-organic catalyst.14 Monomers
are represented by Lennard-Jones~LJ! particles that move on
the continuum and form one~chain terminations! or two
~regular monomers! bonds with other particles. Chain term
nations can beactive~catalyst heads! or inert ~such as pheno
chain terminations!. The number of bonds is fixed for eac
particle, but pairs of bonds can be interchanged if one of
particles is active. This model excludes branching and
characterized by the equilibrium between a polymer at h
density and a low-density unpolymerized phase. The det
of the thermodynamic, structural, and dynamical proper
depend on the temperatureT and the concentrationca of
active particles.

We extend the model here by introducing LJ partic
il:
1 © 2002 American Institute of Physics
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that form three bonds and lead to branching, and Fig
shows an example in the polycarbonate context.5 This is the
product of a reaction whose course depends on densitT,
and the concentration of additives and impurities, and
resultant polymer shows a shear sensitivity that is dire
related to the amount of branching agent and inversely
lated to the amount of the initiator. As in our previou
work,12,13 a low concentrationca of active particles allows
equilibration with respect to the bond configuration. T
model emphasizes the role of entropy over potential ene
since all particles interact by the same LJ potential, all bo
are equivalent, and their number is conserved.

We perform simulations in two-dimensional~2D! and
three-dimensional~3D! for concentrations of trifunctiona
units c3 from 0.1% to 32% and densities covering the po
merization line found forc350. The degree of polymeriza
tion in 2D samples is reduced forc3;1%, leading to com-
pact molecules with open linear segments and closed lo
This trend is reversed at high density and higherc3 values,
because cross-linking of molecular units overcomes the
duction in molecular size. At a value ofc3 that depends on
density andT, a molecular aggregate extends over the en
system, and we identify this as the gel transition for o
model.

The 3D results are similar, but the enhanced stability
large polymeric aggregates leads to quantitative differen
The polymer phase is stable at lower densities, and the
transition occurs at either lower density or lowerc3 . The
addition of trifunctional units at low concentration decreas
the degree of polymerization in low density samples, but t
effect is weaker than in 2D and is reversed at high dens
Gel formation is apparently a continuous phase transfor
tion in both two and three dimensions, showing large flu
tuations in the polymer size and a clear similarity to t
percolation transition.6

Theories of gelation go back to the mean field~MF!
work of Flory15 and Stockmayer.16 Lattice models17 beyond
MF have been studied,18,19and there are recent studies inco
porating temperature effects.20,21 Nevertheless, MF ap

FIG. 1. Schematic view of the branching center in bisphenol-A polycarb
ate produced by the ring-opening polymerization of cyclic oligomers in
presence of small amounts of 1,1,1-tris~4-hydroxyphenyl!ethane, THPE. See
Ref. 5.
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proaches, with some use of Monte Carlo~MC! to incorporate
geometrical factors, are widely used to investigate branch
and gelation in long-chain polymers,22 and similar methods
have been used to study related highly cross-link
systems.23 The absence of potential energy models in m
studies rules out discussions of temperature effects and
mal equilibration, and this work is among the first to inclu
branching in the simulation of equilibrium polymerizatio
based on a continuum model of particle interactions. Bran
ing arising from free-radical polymerization has been inv
tigated recently by MC simulations for a continuum mod
with an explicit potential energy function.11 This work makes
contact with ours, in spite of differences in detail and in t
polymerization mechanism assumed.

II. THE MODEL AND THE COMPUTATIONAL METHOD

Our model generalizes one used to study the equilibri
ring-opening polymerization~ROP! of cyclic carbonate oli-
gomers by a catalyst.12 The initial oligomers are cyclic tet-
ramers of bisphenol A polycarbonate~BPA-PC! @Fig. 2~a!#,
and the catalyst~e.g., an alkali-substituted phenol! is repre-
sented by a dimer with one active and one inert terminat
@Fig. 2~b!#. Monomers~LJ particles! move on the continuum
in either 2D or 3D, and are joined by harmonic springs~co-
valent bonds in the polymer backbone!, so that the potentia
energy of a collection of (N/4) cyclic tetramers, for example
is

-
e

FIG. 2. Schematic structure of oligomers present at the beginning of
simulation. The large empty circle identifies an active chain terminati
Inert chain terminations, difunctional, and trifunctional monomers are r
resented by a solid dot.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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1~r4a232r4a22!21~r4a222r4a21!2

1~r4a212r4a!2%. ~1!

The prime on the first sum indicates that the LJ interactio
absent wheni andj are connected by the harmonic potenti
The attractive LJ interaction of monomers corresponds t
poor-solvent condition, and the assumption that particle p
form only single bonds reflects the chemistry of polycarbo
ates. The units of length and energy ares ande, respectively,
and the density is described by the packing fractionh (h
5prs2/4 in 2D, h5prs3/6 in 3D!. Very floppy molecules
result from our choice ofk (k53e) and allow an efficient
sampling of intra- and intermolecular degrees of freedo
The polymers are fully flexible, since we neglect angle be
ing and torsion contributions.

The generalization to polymer branching considers
ramer pairs joined by one additional bond@Fig. 2~c!#. For
c3.25% we add rectangular hexamers@Fig. 2~d!#. Density
functional studies of the basic ROP step24 have shown that
the active termination lowers the free energy barrier for
interchange of bond pairs, allowing bonding patterns
change while conserving both the total number of bonds
the number connecting each particle. The basic mechan
leading to equilibrium polymerization~Fig. 3! are the same
for all particles, irrespective of the number of bonds~one,
two, or three! they form.

All simulations start from well equilibrated mixtures o
isolated @Fig. 2~a!# and fused tetramers@Fig. 2~c!# corre-
sponding to a given concentrationc3 of trifunctional units.
After equilibration, all samples containN5N21N35104

particles, withN2 difunctional andN3 trifunctional units, and
(2N213N3)/2 bonds. Following Refs. 12 and 13, we intr
duceNa active heads (Na510,16,25,36) and an equal num
ber of inert chain terminations by addingNa linear dimers

FIG. 3. Elementary bond-interchange mechanisms.
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@Fig. 2~b!# at random positions. The concentrations of ca
lyst particles (0.1%,ca,0.36%) are similar to those use
in industrial practice.

The interaction potentials are the same for all particl
but activeparticles mimic the behavior of the catalytic hea
in MOPh by ~a! forming one and only one bond, and~b!
exchanging bonds only when at least one of the bonds
volves an active particle. Bond configurations are samp
by attempting a bond interchange everyN single particle
steps~N is of the order of the number of particles in th
system!: We select an active particle, identify its neare
neighbor ~excluding the particle connected to it by an i
tramolecular bond!, and link this pair and two covalently
bonded neighbors as shown in Fig. 3. The interchange c
serves the total number of bonds and is accepted or reje
on the basis of the changes in potential energy andT, using
the Metropolis algorithm to approach the Boltzmann dis
bution for the potential energy. The~constant volume! Me-
tropolis MC method is also used to sample the potential
ergy, where random moves are attempted to translate e
single particles or whole molecules with relative probabil
and steps chosen to achieve an acceptance ratio of;0.5 in
both cases.

The bond interchange mechanism implies several to
logical constraints, e.g., a molecule with a single trifun
tional particle must include one@Fig. 4~a!# or three @Fig.
4~b!# chain terminations~either active or inert!. In the former
case, the molecule contains one closed loop. In genera
molecule with n3 trifunctional units may contain at mos
(n312) chain terminations, formingnloop5(n3122Nt)/2
closed loops, whereNt<(n312) is the number of chain ter
minations. These conditions generalize those for syste
without branching,12,13 where only open chains and simp

FIG. 4. Schematic view of molecular units containing mono-, di-, and
functional monomers.~a! N351, Nt51, Nloop51; ~b! N351, Nt53, Nloop

50; ~c! N354, Nt52, Nloop52; ~d! N354, Nt50, Nloop53.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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rings are present, and the number of open chains is con
~half of the total number of chain terminations!.

The system is monitored by computing the size distrib
tion and the average size of molecules with one or m
chain terminations or at least one trifunctional unit. The
populations account for a large fraction of the total mass
the polymeric phase, and the analysis of either provides s
lar information. The distribution of rings is discussed sep
rately. The degree of polymerization is characterized by
percentageW1(L) of the total mass in molecules larger tha
L, irrespective of their composition~mono-, di-, or trifunc-
tional units!. W1(L) is a monotonic function, decreasin
from 100% atL51 to 0% at largeL values. A higher degree
of polymerization corresponds to a more extended tail
W1(L) in the largeL range.

Equilibration involved more than 23105 MC steps/
particle in all systems, with an equal number (.23105) of
bond interchange attempts, and statistics were accumu
on additional runs of equal length. As described previousl12

the diffusion ~D! and viscosity~s! coefficients were com-
puted by microcanonical molecular dynamics~MD! runs for
systems of fixed bonding configuration,25 starting from
atomic positions equilibrated by MC and random velocit
selected from a Gaussian distribution. Together withs ande,
the unit mass~the mass of the monomerm! determines the
unit of time t5s(m/e)1/2. The mass of the polymerM is
equal to the number of monomers. The equations of mo
were integrated using the velocity Verlet algorithm with
time step of 0.01t. Equilibration runs lasted 1000t, and sta-
tistics was accumulated over further 3000t.

III. POLYMERIZATION AND GEL TRANSITION IN 2D

Simulations for 2D systems withc350 showed12,13 that
the polymeric phase is stable ifh>0.16, and a small numbe
of trifunctional units could enhance polymerization by allo
ing the formation of interchain links and aggregates of ch
segments. For 2D systems withc3;0.1% – 1%, however,
the addition of trifunctional particleslowers the degree of
polymerization significantly, as can be seen from t
c3-dependence of the average size^Ll& for molecules with at
least one chain termination~Fig. 5, h50.3, ca50.16%, and
T53). In the absence of branching, open chains form a la
fraction ~54%! of the total mass, the average length of op
chains exceeds 300 monomers, and the equilibrium size
tribution extends up to 2000 monomers.

Molecules with at least one chain termination form
large fraction of the mass in the presence of branching
that their average length is one measure of the degre
polymerization. Figure 5 shows that, at the density cor
sponding toh50.3, ^Ll& decreases significantly when a fe
trifunctional monomers are added, remains below 200 ov
wide range ofc3 concentrations, and shows a peak atc3

525% ~close to the value forc350). The nonmonotonic
behavior of̂ Ll& (c3) and the cusp atc350 indicate unusua
stoichiometric effects, and the relative importance of th
two features depends onh ~see Fig. 5!. The drop of̂ Ll& near
to the origin is significant at all densities, but the height~and
even the existence! of the peak atc3525% depends strongly
on h: at h50.2 polymerization is almost suppressed over
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range 0.5<c3<32%, while ath50.5 the peak atc3525%
identifies clearly a new~gel! phase quite different from the
polymer found forc350. This new phase is formed across
phase transition, which, together with the polymerizati
transition found previously,12,13 allows us to identify three
distinct phases for the model: a fluid phase made of oli
mers; a gel, in which most of the mass is included in a sin
molecule; and a polymeric phase, made by several linea
branched aggregates of fairly large (L>100 monomers! size.

The same features appear in Fig. 6, which shows
average size of molecules with at least one trifunctio
monomer^L3& (c3). For small values ofc3 , ^L3& is nearly
equal to^Ll& and decreases rapidly with increasingc3 close
to the origin. At all densities, the peak atc3525% is much
less pronounced than in the case of^Ll&. The initial decrease
in ^Ll& and^L3& asc3 increases is due primarily to the low
ering of the degree of polymerization~see Fig. 7!. At h
50.3 andT53, for example, the addition of 1% of trifunc
tional particles reduces significantly the highL tail of
W1(L). As c3 increases,W1(L) recovers its initial width
for c3;10%, has a maximum forc3525%, and decrease
slowly for largerc3 .

FIG. 5. Average mass of molecules carrying at least one chain termina
Simulations have been performed in 2D atT53. Empty circles:h50.2;
solid dots:h50.3; filled squares~inset!: h50.5.

FIG. 6. Average mass of molecules carrying at least one trifunctional mo
mer. Simulations have been performed in 2D atT53. Empty circles:h
50.2; solid dots:h50.3; empty squares:h50.5.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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This behavior parallels thec3-dependence of̂Ll& and
results from several competing mechanisms. Trifunctio
units lead to compact structures~Fig. 8! that decrease the
entropy advantage of large molecules~see below!. This
mechanism is enhanced by the relaxation of the topolog
rules caused by the presence of trifunctional units, wh
means that chain and ring combinations can occur, increa
the multiplicity and the entropy of smaller aggregates. N
ertheless, trifunctional monomers may link molecules in

FIG. 7. PercentageW1 of molecules whose mass exceedsL. The full lines
~a!, ~b!, ~c!, ~d!, and~e! are forc351%, 10%, 20%, 25%, and 32%, respe
tively. The dashed line is the result forc350.

FIG. 8. Typical molecular structures in 2D simulations ath50.3,T53, and
ca50.16%. ~a! c350; ~b! c354%.
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larger aggregates, increasing the degree of polymeriza
and leading to a gel phase.

As discussed previously,12,13polymerization is driven by
the entropy advantage of long, open chains over cyclic
gomers. The competing mechanisms of Figs. 3~a! and 3~b!
mean that the growth of linear chains from cyclic tetramers
due to the reaction of the active head with a new tetram
while ring separation is due to the reaction of the head w
its own tail. The latter is more probable in compact config
rations, which is consistent with the relationship found b
tween molecular shape and the degree of polymerizat
This can be quantified by computing the radius of gyrat
Rg of polymeric molecules,

Rg
25

1

2L2 (
iÞ j

L

^~xi2xj !
2&, ~2!

where the sum extends over all particlesi and j belonging to
one molecule of sizeL. Rg

2 increases asL increases, and—for
our potential and thermodynamic conditions—scales
proximately asL for all samples and molecular sizes excee
ing L;50. However, the average values for the samples
c3.0% are systematically lower than those forc350, and
the reduction ofRg

2 is ;50% for molecules withL;300,
even forc3;1%. As discussed in Sec. V, the reduction ofRg

and the relaxation of topological constraints lead to a s
stantial increase in the number of closed polymeric loo
~rings or loops belonging to more complex molecules! and
might contribute to the cusp in̂Ll&(c3).

In the presence of long chains or many trifunction
sites, linking molecules to larger aggregates may lead to
colation across the entire system. Although we do not
sume the absence of closed loops and steric hindrance
often made in studies of gelation,6,26 our results are consis
tent with a percolative description of this phase transform
tion. The gel forms via a continuous transition with increa
ing c3 , resulting from the linking of aggregates with a wid
range of sizes. The accompanying anomalous increas
size fluctuations~Table I! supports both the continuous na
ture of the phase transformation and the connection to
colation.

At fixed ~and relatively high! c3 , the gel transition oc-
curs with increasing density, which stabilizes the underly
polymeric phase. The transition remains continuous, bu
occurs at densities well above the polymerization line in
absence of branching@hp(2D)50.16# and is much more
abrupt than as a function ofc3 ~Fig. 9!. The difference be-
tween the polymer and gel is blurred for the largest values
c3 , since branching and interchain connectivity are alrea
evident at low to medium sizes. As seen from the results
c3525% in Fig. 9, it is difficult to distinguish a polymeric
plateau in^Ll&(h) from the gel phase.

Uncertainties in simulating the gel transition could
reduced by a finite scaling analysis,27 and the determination
of scaling exponents would require far more extensive co
putations on much larger samples. Here we locate the t
sition point where the average length^Ll& recovers its origi-
nal (c350) value, i.e., where the linking of chain segmen
overcomes the effect of closed loop formation. Forc3

<32%, Fig. 5 shows that the transition does not occur
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Downloaded 27 Se
TABLE I. Average size fluctuation (A^Ll
2&2^Ll&

2) and relative size fluctuation (A^Ll
2&2^Ll&

2/^Ll&, second
line, in parentheses! for 2D and 3D systems at different densities and concentrations of trifunctional monom

2D c350 c356% c3510% c3515% c3520% c3525% c3532%

h50.2 233 70 55 54 77 111 106
~0.95! ~1.21! ~1.12! ~1.11! ~1.37! ~1.42! ~1.38!

h50.3 293 183 223 370 389 744 754
~0.87! ~1.53! ~1.62! ~1.90! ~1.74! ~2.15! ~2.40!

h50.5 353 544 1133 1668 3082 3359 2512
~0.91! ~1.87! ~2.69! ~2.61! ~2.08! ~2.14! ~2.21!

3D c350 c350.2% c350.5% c351% c351.5% c352% c352.5%

h50.05 423 528 758 989 1198 1384 1301
~0.94! ~1.26! ~1.87! ~2.42! ~2.84! ~3.02! ~2.43!
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h50.2, it is approached atc3525% for h50.3, and it oc-
curs at c3;10% at h50.5. At the optimal stoichiometry
c3525%, gelation causes a dramatic change ofW1(L) as a
function of density~Fig. 10!. It is clear that the gel transition
in 2D requires a sizable concentration of trifunctional p
ticles.

The molecular size distributions at equilibrium are ch
acterized by the percentages of monomers in a molecul
length L that contain chain terminations and trifunction
particles, Pl(L) and P3(L). Other studies have used th
probability for a molecule to have sizeL, Cl(L), andC3(L),
which ~apart from normalization! are related byPl(L)
5LCl(L) and P3(L)5LC3(L). We use the former to em
phasize the role of the~relatively few! large aggregates tha
represent a sizable fraction of the total mass. Analogous d
nitions will be used for the probability distributionsPr(L)
andCr(L) for simple rings, and the distribution functions a
normalized so that

(
L

Pl~L !5(
L

P3~L !5100. ~3!

The functionsPl(L) and P3(L) provide equivalent descrip
tions, and we focus onPl(L).

Figure 11 showsPl(L) for samples ath50.5,T53, and
c3 values covering the gel transition (c3;10% for these

FIG. 9. ^Li& as a function ofh at three values ofc3 . Lines are a guide to the
eye.
p 2002 to 134.94.165.137. Redistribution subject to A
-

-
of

fi-

conditions!. In the absence of branching,13 Pl(L) is approxi-
mated well by the Zimm–Schulz function}Lg

3exp@2gL/^L&#, with an exponentg close to the value (g
543/32) found in Ref. 28 for a model closely related to t
present one. The addition of branching centers affects sig
cantly Pl(L) at low values ofc3 , as indicated by the rapid
decrease of̂Ll& close toc350: The peak ofPl(L) moves
towards lower sizes, while, at the same time, the tail of
distribution extends to higher sizes. As a result, it devia
significantly from the Zimm–Schulz distribution, and an e
ponential form@Pl(L)}exp@2aL/^L&#, a;0.36# is more ap-
propriate in thec3 range corresponding to a lower degree
polymerization~see the curve forc351% in Fig. 11!. In the
gel phase,Pl(L) shows a bimodal distribution, with the
high-L peak centered at sizes (L;9000 monomers! close to
the total sample size~see the curve forc3525% in Fig. 11!.
At the gel transition (c3510%), Pl(L) is nearly constant
over a wide size range, which explains the large fluctuati
in ^Ll&.

IV. POLYMERIZATION AND GEL TRANSITION IN 3D

Many features observed in 2D systems are observe
3D, although the greater stability of the 3D polymer pha
influences the properties of branched systems. The reduc
of ^Ll& at low c3 is apparent in Fig. 12, which shows th
dependence onc3 of ^Ll& at T53 and densityh50.05
slightly above the polymerization line@hp(3D)50.04#.13

The rapid rise of̂ Ll& at higherc3 values is accompanied b
a large increase in the size fluctuations~see Table I!, which

FIG. 10. W1(L) at four different densities forc3525%.
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allows us to locate the gel transition atc3;2% for these
conditions of density andT. The same transformations can b
observed on the density axis at fixedc3 ~see Fig. 13!. As
discussed below, the close analogy in the behavior of 2D
3D systems is confirmed by the analysis of snapshots an
the molecular size distributionPl(L). The major differences
between 2D and 3D results are quantitative: In 3D the
evant density range is reduced by an order of magnitude
relative reduction of̂ Ll& at low c3 is much less pronounce
and is observed only forh,0.15.

At relatively high density (h>0.15), Fig. 13 shows tha
even a very low value ofc3 ~;0.1%! gives rise to a signifi-
cant enhancement of polymerization (^Ll& increases by more
than 20% in going fromc350 to c350.1% ath50.5). The
criterion used to identify the gel point in 2D systems can
be used here, sincêLl&(c3).^Ll&(c350) at all c3.0.
However, gelation occurs at these densities (h.0.15) at val-
ues ofc3 well below 1%, where statistical fluctuations pr
vent a quantitative determination of the gel point by simu
tion. On the other hand, neither the polymerization nor
gel transition below the polymerization densityhp(3D) for
the model without branching were observed up to the high
concentration (c3510%) studied in 3D.

FIG. 11. Mass fraction distribution̂Pl& in 2D samples ath50.5 andT
53. Full line: c350; dashed line:c351%; dotted line:c3525%. Inset:
c3510%, corresponding to the gel point.

FIG. 12. Average lengtĥLl& of molecules carrying at least one chain te
mination. Simulations have been performed in 3D, atT53 andh50.05.
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The dependence ofPl(L) on density andc3 in 3D
samples is greater than that found in 2D, reflecting the
creased stability of both polymer and gel. Starting from
Pl(L)}L exp@2L/^L&# for c350, the addition of 0.1%–0.2%
of trifunctional particles already changes significantly t
shape ofPl(L) ~as can be seen in Fig. 14!, which is now
approximated better byPl(L)}exp@2aL/^L&# (a;0.3).
With increasingc3 , the height and the width of the firs
Pl(L) peak decrease monotonically, while the large-L tail
develops into a secondary peak atL;6000 forc3;1%. At
the gel point (c352%), identified here by the maximum in
the relative size fluctuations,Pl(L) is clearly bimodal. For
larger values ofc3 , most of the weight under thePl(L)

FIG. 13. Average lengtĥLl& of molecules carrying at least one chain te
mination as a function ofh for three values ofc3 . Simulations in 3D at
T53.

FIG. 14. Mass fraction distribution̂Pl& in 3D samples ath50.05 andT
53. Full line: c350; dashed line: c350.2%; dot-dashed line:
c350.5%; dotted line:c352%.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



s

a-
n
rs
r

in

icl
s
ly
ll

pa
n
t
e

he
i

ef
es

-

e
o

the

dif-
ry

f

error
sity
onds
of

ro-
sing
in-
m-
the

se
el
k-
sts
ch

u-
in
h a
stic

all

d is
is

h

t
h
t

6848 J. Chem. Phys., Vol. 117, No. 14, 8 October 2002 P. Ballone and R. O. Jones
curve belongs to the high-L peak, which moves toward
larger sizes~saturating atL;9000) and reduces its width.

The rapid and significant narrowing of the firstPl peak
at low c3 is consistent with the reduction in the polymeriz
tion degree observed in 2D and the systematic reductio
Rg in 3D asc3 increases. However, the narrowing of the fi
Pl peak in 3D systems occurs simultaneously with the ea
formation of the secondary peak at high sizes, resulting
very limited variation of̂ Ll& at low c3 concentrations.

The equivalence in the interactions between all part
types means that average structural properties, such a
radial distribution function or the structure factor, are on
weakly sensitive to polymerization and gelation, especia
at moderately high densities where both transitions are
ticularly strong. A closer connection between our simulatio
and experimental measurements could be provided by
analysis of dynamical properties, which we have perform
by computing the diffusion and viscosity coefficients. T
long relaxation times in polymeric samples mean that it
difficult to obtain converged values for the dynamical co
ficients, especially at medium and high density. Neverthel
our MD trajectories extended up to 3000 time unitst, and
the results of Fig. 15 demonstrate the sensitivity of~long
time! dynamical properties to branching.

The diffusion coefficientD decreases significantly on in
troducing even a few branching points (c3;1%), and the
relative effect is stronger at high density~in the gel phase!.
However, no discontinuity or apparent anomaly inD can be
associated to the gel transition. Diffusion in the gel phas
due almost exclusively to the residual population of low m

FIG. 15. Lower panel: viscosity coefficients in 3D samples atT53. Solid
dots: c351%; empty circles:c350. Upper panel: diffusion coefficient in
3D samples atT53 andc351%. Inset: ratio of the diffusion coefficient a
c351% and atc350. Error bars account for statistical errors only. At hig
density, systematic errors due to long time correlations may exceed
estimated error bar.
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lecular weight aggregates, which are also responsible for
low-L peak in the size distributionPl(L). The relatively high
mobility of these species could conceal anomalies in the
fusion of the polymerized fraction, which contributes ve
little to the average mobility.

The viscosity coefficients is a nonmonotonic function o
density on the addition of branching points: at lowh, the
viscosity coefficient initially decreases slightly (c3;1%),
although the decrease is comparable than the statistical
bar, and there is an increase in the viscosity at high den
(h>0.15). The crossover between these trends corresp
roughly to the gel transition. Nevertheless, the sensitivity
s to gel formation is weak, and our simulations do not rep
duce the dramatic increase of viscosity measured on cros
the gel transition. The slight decrease of viscosity with
creasing branching at low density might be due to the co
pact shape of branched polymeric units, which decreases
intermolecular contributions to viscosity. The weak increa
of the viscosity coefficient on going from polymer to g
might reflect the relatively short simulation times. The lin
ing of large polymeric units at branching points manife
itself in long-time correlations for the stress tensor, whi
enters the definition ofs implemented in our computation,12

and a detailed description might require much longer sim
lation times. Nevertheless, the relatively small changess
on gelation might be due to the coexistence of the gel wit
diffuse population of small molecules that prevents a dra
rise of viscosity.

V. DEPENDENCE ON T AND c a : STRUCTURAL
PROPERTIES

The polymerization line of the model results12,13 from
the competition between the translational entropy of sm
aggregates~dominant at low density! and the entropy of the
bonding configuration, which favors large aggregates an
the dominant factor at high density. This role of entropy
emphasized by theT-dependence of polymerization, whic
becomes weaker with decreasingT. This effect is evident for
c350 and becomes progressively more important asc3 in-
creases. This is shown for 2D systems ath50.3 in Fig. 16,
which shows theT-dependence of the average length^Ll& of
molecules with chain terminations.

he

FIG. 16. Ratio of the average length^Ll& at temperatureT and at tempera-
ture T53. Simulations in 2D ath50.3. Solid dots:c350; empty circles:
c354%; solid squares:c3510%; empty squares:c3525%.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



h

,
e
tio
th

it
s
er
ra

s
us
s
,
3

su
its

e
th
e

h
f.
b
O

-
-
an
y
on

e
1
in
ar
o

of
de

g

s
ic

er
less
lity
its
um-

r-
ting
gre-

a-

r-
r.

l-

n-

re

6849J. Chem. Phys., Vol. 117, No. 14, 8 October 2002 Polymerization of cyclic carbonate oligomers. III
These results are representative of those found for hig
densities. At allc3 , polymerization is reduced by loweringT.
For highc3 ~see the data forc3525% in Fig. 16!, decreasing
T from 3 to 0.6 reduceŝLl& by an order of magnitude
indicating that the system transforms from gel to polym
The analysis of snapshots, the mass-fraction distribu
^Pl(L)&, and the molecular size fluctuations all show that
gel characteristics are lost progressively on loweringT.
However, the gradual evolution of these properties w
changingT prevents the precise determination of the tran
tion point. A more extensive investigation, including a wid
range of densities, would be required to characterize the t
sition better and to fix its boundaries.

The polymerization and gel transitions are slightly le
sensitive to temperature in 3D than in 2D, mainly beca
the relevant range ofc3 is lower. At higher concentration
the negative effect of lowT could be as strong as in 2D
although the enhanced stability of large aggregates in
could reduce the role of temperature.

The interpretation of gelation as the percolation of a
peraggregate formed by linking chains by trifunctional un
suggests thatca might effect the transition significantly. In
the absence of branching the average size^Ll& scales almost
exactly as 1/ca , but the relation betweenca and the number
of open chains is broken by the presence of branching. N
ertheless, for allc3 , the effect of branching increases wi
decreasingca . This is true both for the reduction in th
degree of polymerization at lowc3 ~and low density for 3D
samples! and for the polymerization enhancement at highc3 ,
including a stronger tendency towards the gel phase. T
observation is consistent with the measurements of Re
which show that the effects of branching are amplified
decreasing the concentration of the initiator used in the R
reaction (ca in our model!.

Trifunctional units are uniformly distributed in mol
ecules of all samples~2D and 3D!, without apparent segre
gation at low or high molecular masses. The only signific
deviations from the averagec3 value are observed at ver
low molecular sizes and are due to the topological c
straints discussed above.

The origin of the stoichiometry selectivity stabilizing th
gel phase atc3525% in 2D requires further study. The 3:
composition ratio between di- and trifunctional particles
dicates enhanced stability for a network of trifunctional p
ticles joined by segments of difunctional particles two mon
mers long@see Fig. 4~d!#. Analysis of the bonding pattern
shows that atc3525% segments of difunctional particles
length two are indeed very common, but the simulations
viate from the ideal motif of Fig. 4~d!. The distribution func-
tion for the lengthLp of polymeric segments comprisin
difunctional particles is nearly constant for 1<Lp<3, and
drops almost discontinuously to zero for<Lp.3. With de-
creasingc3 , this distribution moves towards higherLp’s and
becomes much broader, suggesting that the system gain
tropy from a wide distribution in the length of polymer
chains connecting trifunctional particles.
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VI. THE ROLE OF SIMPLE RINGS

Simple rings are the minority component of the polym
in the absence of branching and become progressively
important than open chains as density and dimensiona
increase. This picture remains valid when trifunctional un
are present, with the additional feature that the average n
ber Nr and the average lengtĥLr& of simple rings decrease
monotonically with increasingc3 ~Fig. 17!. This is surprising
for low c3 values in 2D, since the lower degree of polyme
ization would suggest a decreased stability of the compe
species, i.e., open chains and other large, complex ag
gates.

The decline in the number of simple rings is accomp
nied by a steady growth of the numberNloop of closed poly-
meric loops belonging to branched molecules~see the inset
in Fig. 17!. The topological rules of our model do not dete
mineNr andNloop uniquely, but they set bounds on the latte
As discussed in Sec. II, a molecule withn3 trifunctional
particles has nloop5(n3122Nt)/2;(n312)/2 closed
loops.29 If the number of trifunctional particles in each mo
ecule is low (n3;2 – 4 at most!, then nloop5(n312)/2
;n3 , andNloop5Smoleculesnloop;N3 , or Nloop.Nc3 , where
N is the total number of monomers. If each molecule co
tains several trifunctional particles,nloop;n3/2, and Nloop

.a1Nc3/2, where the constanta is much smaller than
Nc3/2. The representative results of Fig. 17~for h50.3 and
T53 in 2D! show thatNloop;Nc3 for small c3 , andNloop

;Nc3/2 for largerc3 . The crossover is near the point whe
branching switches from lowering~at low c3) to enhancing

FIG. 17. Average numberNr ~a! and average sizêLr& ~b! of rings in 2D as
a function ofc3 at T53. Solid dots:h50.3; empty circles:h50.5. The
lines correspond to the asymptotic behaviorNloop;a1Nc3/2 at highc3 ,
andNloop;Nc3 at low c3 , as discussed in the text.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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~at highc3) the degree of polymerization. The population
closed loops belonging to branched molecules grows rap
in both regimes, suggesting that closed loops dominate o
linear chains and simple rings. The enhanced stability
closed loops underlies the lower degree of polymerization
low c3 and the gel transition at highc3 .

In the absence of branching, the size distribution fu
tion for rings Pr(L) in the polymeric phase displays a pr
nounced peak at very low sizes (L;5), and a low and struc
tureless tail extending up toL;100.13 The decrease in the
average size of simple rings^Lr& asc3 increases is due to th
disappearance of the large-L tail in Pr(L). With increasing
c3 , molecular aggregates of intermediate or large size p
duced during a reaction are increasingly likely to cont
trifunctional units, and they contribute less to the populat
of simple rings. The resultingPr(L) become qualitatively
similar to those found by previous studies of a model with
branching, but with a varying number of bonds determin
by thermal equilibrium.10~b! The narrow size range covere
by Pr(L), together with the low number of rings in sampl
including trifunctional units~Fig. 17! prevent a more detailed
analysis of the analytic behavior ofPr(L) close to the origin.

VII. SUMMARY AND CONCLUDING REMARKS

We have studied the equilibration of a model polym
with LJ particles and a fixed number of harmonic bon
under the influence ofactiveparticles that promote the inter
change of bond pairs. In the absence of branching, the m
shows the equilibrium of a high-density polymerized pha
and a low-density unpolymerized phase. The addition of
functional particles displaces the polymerization line and
troduces a qualitatively new gel phase.

The degree of polymerization, as measured by the a
age molecular sizeŝLl&, ^L3&, andW1(L), is reduced sig-
nificantly by low concentrations of branching points in 2
samples at all densities. At densities slightly above the po
merization line, the system may revert to the unpolymeriz
state over a wide range of concentrationsc3 ~see the results
for h50.2 in Fig. 5!, since the significant reduction in mo
lecular size~as measured byRg) strongly enhances the for
mation of closed loops that limit chain growth. At high de
sity and large values ofc3 , the bonding capability of
trifunctional particles overcomes the reduction of polym
ization. Eventually, the linking of individual molecular uni
by trifunctional particles gives rise to an aggregate incor
rating most of the system mass, and the~continuous! transi-
tion is accompanied by anomalous fluctuations in the m
lecular sizes. These results are consistent with
identification of gelation as a percolative phase transform
tion, although our simulation goes beyond the assumpti
underlying simple analytical descriptions of this transition

The dramatic changes in the phase diagram are refle
in the evolution of the molecular size distribution, describ
by the^Pl& function~Sec. III!. Starting from a Zimm–Schulz
distribution ^Pl&}Lg exp@2gL/^L&# at c350, we observe a
reduction in the range of̂Pl&, accompanied by a change
^Pl&}exp@2aL/^L&# ~with a;0.36) in the functional form
for ^Pl& that emphasizes the lowL portion of the molecular
size range. Gelation is identified by a further marked cha
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in ^Pl&, which approaches a very broad step function as
ciated with the large fluctuations in the size distribution th
develop at the transition.̂Pl& becomes markedly bimoda
beyond the gel point, with a low-L peak at the origin and a
high-L component at sizes approaching the total mass of
simulated samples.

Equilibration is much more difficult to achieve in 3D
than in 2D, because polymerization and gelation occur
significantly lower densities, and fluctuations are more i
portant. Nevertheless, most results for 2D systems rem
qualitatively valid in 3D. Small concentrations of trivalen
particles lower the degree of polymerization at densit
0.04<h<0.15, although this effect is less important than
3D and is not seen forh>0.15. Relatively high concentra
tions of trifunctional particles give rise to a continuous tra
sition to the gel phase, which occurs with increasingc3 and
packing fractionh. The evolution of̂ Pl& with increasingc3

is similar in 2D and 3D. In particular, the first peak of^Pl&
narrows upon adding trifunctional particles, which paralle
the reduction of̂ Ll& at low c3 found in 2D. The effect on the
average sizêLl& is partially compensated in 3D systems b
the early formation of a secondary peak at large sizes. A
result, the pronounced dip in̂Ll& seen in 2D at lowc3 is not
observed, and size fluctuations indicate more clearly than
average size itself the drastic changes in the molecular po
lation asc3 increases. The molecular size distribution in 3
is bimodal at the gel point~it was broad and structureless
2D!, suggesting that the order of the transition might
higher than in 2D. However, a detailed discussion of th
features would require far more extensive simulations.

The computed diffusion and viscosity coefficients a
very sensitive to branching, and low concentrations (c3

;1%) of trifunctional units can be detected by monitorin
either. The continuous nature of the transition means
these properties show no marked anomalies at the polym
gel transition, but the limited simulation times might contri
ute to this.

Lowering T reduces the degree of polymerization ev
in the absence of branching, and trifunctional particles
hance greatly the sensitivity to temperature of the polym
and gel phases. The latter is effected more, and we obse
reversible transition between the polymer at lowT and the
gel at highT, for 2D samples at high density and high valu
of c3 . The continuous nature of the transition hampers
determination of the transition point in this case. The eff
of decreasingT is somewhat reduced in 3D for the~narrow!
range ofc3 studied here, although similar effects to tho
observed in 2D could also occur for larger values ofc3 . In
both 2D and 3D the enhancement of temperature effects
to branching is consistent with the lower entropy advanta
of long chains, which is reflected in the decrease of the
gree of polymerization at lowc3 .

The changes in the system properties that we obse
with changing temperature and density are fully reversib
Moreover, the results described here refer to homogene
systems. We could not distinguish a network core from a
boundary, which is sometimes seen in simulations and
periments on highly branched systems,30 and we found no
evidence for long range modulations, such as a prepea
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the structure factorS(k) at low k. We suggest that the equ
librium condition allows strong inhomogeneities produc
by thermal fluctuations to decay, although experiments
computational models for highly branched polymers co
sider systems in which bond formation is irreversible, a
this, too, could lead to inhomogeneous structures.31

Simulations have been performed in two and three
mensions over a wide range of stoichiometry and thermo
namic conditions, and the model is appropriate if the int
chain bonds are strong enough to render thermal fluctuat
in their number unimportant. This has important con
quences for the polymerization transition.13 The simulations
described in Ref. 11 are more restricted in scope and ass
a fluctuating number of bonds. Nevertheless, the two stu
are closer than many published in recent years. Both s
that an increasing number of branching points gives rise
large scale fluctuations and a continuous transition to the
phase, which is stabilized by increasing density. Howev
even simulations as extensive as ours~more than two years
CPU time! do not cover the entire phase diagram of t
model, which presents a fascinating combination of pha
and transitions occurring as a function of density,T, and
composition.
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