Structure of phosphorus clusters using simulated annealing-P2 to PI
R. O. Jones and D. Hohl
Institut fUr FestkOrperforschung, Forschungszentrum Julich, D-5170 .Tulich, Federal Republic of Germany

(Received 11 December 1989; accepted 19 February 1990)
The geometries of low-lying isomers of phosphorus clusters P 2 to P 8 have been calculated using
a density functional (DF) method, combined with molecular dynamics (MD) and simulated
annealing techniques. The structures and vibration frequencies are in excellent agreement with
experiment in those cases (P 2, P4) where spectroscopic data are available. A roof-shaped
tetramer is a prominent structural unit in low-lying states ofP5, P 6, P 7, and P 8. Contrary to
widespread belief, the most stable isomer of Psis not cubic, but the "wedge" or "cradle"
structure found as a structural unit in violet (monoclinic, Hittorf) phosphorus. The energetic
ordering and geometrical shapes of the P s isomers show striking analogies to the corresponding
valence-isoelectronic hydrocarbons (CH)g cubane, cuneane, and 2,2':4,4'-bis-(bicyclobutyl).
The bonding and structural trends in phosphorus clusters are discussed in detail.

I. INTRODUCTION
Phosphorus shows a structural variety in elemental
form exceeded only by sulphur, its neighbor in the Periodic
Table. 1-3 It is not surprising then that there have been many
studies of the allotropes as well as amorphous phosphorus.
The structures of four of the crystalline forms [black (orthorhombic), violet (monoclinic, Hittorf), rhombohedral,
metallic (cubic)] are well established and there are numerous others known collectively as "red phosphorus." There
are two stable forms of white phosphorus (hexagonal below
- 77 ·C, cubic otherwise), both comprising tetrahedral P4
molecules. White phosphorus is thermodynamically the
least stable allotrope and transforms to the red form under
the action of heat, light, or X radiation. P 4 tetramers are also
important components of liquid phosphorus at moderate
temperatures.
While both phosphorus and sulphur show a great variety of solid state structures, their gas phases show significant differences. Mass spectroscopy of sulphur vapor shows
the presence of clusters of all sizes up to S56,4 and the formation of allotropes with ringlike molecular units (S6-13 , SIS'
S20) means that numerous structures can be determined by
x-ray structural analysis (Sn' for n = 6-8, 10-13, 18,20).5
For many years, however, phosphorus vapor showed a very
small range of cluster sizes. The most prominent component
is P 4,6-10 whose tetrahedral structure was inferred from Raman spectroscopy ofliquid phosphorus by Bhaghavantam, II
calculated by Hultgren 12 and confirmed by electron diffraction measurements i3 many years ago. The only other molecules to be identified for temperatures between 100 and
300 ·C were P 2, P 3' and P 8' 6.8 and the last of these was not
evident at higher temperatures. 9,10 P4 dissociates into dimers
above 800 ·C, 3,10 and P 2and P 4 are present in approximately
equal numbers at 1770·C.3 At low temperatures, however,
there are more similarities with sulphur vapor. Martin 14 has
shown recently that quenching of the vapor of red phosphorus in helium gas leads to P n clusters of all sizes up to

n=24.
The stability ofP415 and the apparent instability oflarger clusters, particularly P 8' have provided a continuing puzzle for several decades. With a valence configuration of
6710
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3~3px 3py 3pz, phosphorus is often expected to favor bond
angles near 90·, as in phosphene (PH 3). If this is true, the
strain energy present in tetrahedral bonds (bond angle
a = 60·) should make them unfavorable. This problem has
been addressed in calculations of P 2 and P/ O,I6-1H and in
calculations comparing bond strengths in P 2' P4' and PH 19-25.
These calculations have been restricted, however, to the tetrahedral (Td ) form of P4 amd the cubic (Oh ) form of PH'
The most detailed calculations indicate that cubic PHis substantially less stable than two tetramers, but there has been
no systematic attempt to determine PH structures with lower
energies.
Ring and chain structures containing phosphorus have
been studied extensively in recent years, with particular focus on the analogies with carbon, hydrocarbon,26 and nitrogen chemistry. In the present context, we note examples
such as the preparation of the planar P 5- ion,27 the P 6 analog
of benzene, 2S and the P~ - ion. 3,29 The last of these is a fluctuating molecule26' and provides an example of valence bond
tautomerism, where equilibrium exists between structures
with similar geometries, but different bonding. In the solid
state, the violet (monoclinic) allotrope of phosphorus comprises alternating P s and P 9 "cages," linked by pairs of phosphorus atoms to form tubes of pentagonal cross section. 1,30,31
There are indications that amorphous red phosphorus also
contains cagelike P s clusters,32 and Elliott et al. 32 pointed
out the possibility that they could form by polymerization of
two P 4 molecules, with minimal atomic movement.
In spite of continuing interest in phosphorus clusters,
there are many unanswered questions, even concerning such
basic problems as the structure or even the stability of small
clusters. In addition to the work mentioned above, first principle calculations have been performed for P /3.34 (C2v ' a
lahn-Teller distorted D3h structure) and for several forms
of P 6. 35 ,36 Modified neglect of diatomic overlap (MNDO)
calculations have been carried out for several allotropes, hydrides, and oxides of phosphorus, 21 including isomers of P4'
P 6' and P 8' MNDO calculations have been performed for a
range of molecular fragments derived from P4S3' including
P 3and P 4,37 and SINDO 1 calculations for P 4. 38 However, we
have found no calculations of P 5 and P 7 in the literature and
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a systematic search for states other than those with particular symmetries has not been performed for P n clusters with
n> 3. We address this problem in the present work.
The difficulties inherent in seeking molecular states
with low-lying energies are twofold: (i) determining reliably
the total energy E for fixed atomic positions {RI }, (ii) minimizing E with respect to variations in {R I }. The difficulties
in calculating E are well known. The determination of the
total energy from the exact wave function is very difficult in
clusters like P s, even for a single geometry, so that a search
for global minima using configuration interaction methods
is presently unattainable. Even with more efficient energy
calculations, however, the location of low-lying minima in
the energy surface would remain a problem of enormous
complexity. It has been shown 39 that the determination of
the ground state of a cluster ofidentical atoms interacting via
two-body forces belongs to the class NP,40 i.e., no known
algorithm with a polynomial time dependence can solve the
problem. For sufficiently small clusters, the global minimum
can be determined by locating and enumerating all the local
minima. However, the search is confined in practice to small
parts of configuration space based on expectations, symmetry, or experimental information.
In systems where the ground state is unknown or there
are many local minima, it is necessary to develop alternative
methods for finding solutions that are near to optimal. One
possibility is to adopt a "simulated annealing" technique,41
where the system of electrons and ions can evolve at finite
temperature. The ionic motion means that, as in nature, the
system can avoid being trapped in unfavorable local minima
in the energy surface. Car and Parrinell042 have shown that
this strategy can be implemented by combining molecular
dynamics (MD) with the density functional (DF) scheme
for calculating total energies, leading to a method for calculating electronic properties that makes no assumptions
about ground state geometries. MD techniques allow an efficient sampling of the potential energy surface and the DF
method43 with the local spin density (LSD) approximation
for the exchange-correlation energy, avoids the explicit parametrization of the interatomic forces common in MD
schemes.
We have applied this approach to calculate ground state
geometries of clusters of selenium (Sen ,n = 3-8)44 and sulphur (Sn ,n = 2,13 ).45 The calculated geometries are in excellent agreement with those cases where x-ray structural
analyses have been performed and the predicted structures
for the others should be reliable. In the S70 molecule,46 we
were able to follow the change of structure from a local minimum with the oxygen atom in the ring (i.e., with a -S-O-Sbridge bond) to the ground state structure of an 0 atom
bonded to an S7 ring. The method has also been applied with
success to study the isomers of Sex Sy isomers.47 The local
density approximation used for the exchange-correlation energy results in a systematic overestimate of bonds (by - 1 eV
per bond in S and Se), so that the bonding trends are given
reliably.
The method we use has been described in detail elsewhere45 and we give those aspects needed here in Sec. II. In
Sec. III, we present our results for P 2 to P 8 and compare the
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results with other calculations and with experiment where
available. Binding energy and structural trends are presented in Sec. IV and our concluding remarks in Sec. V.
II. METHOD OF CALCULATION
A. The molecular dynamlcsl density functional (MD/DF)
approach

The density functional formalism 43 shows that a knowledge of the electron density n (r) is sufficient to determine
the ground state properties of a system of electrons in an
external field Vex!' In particular, the gr6und state energy Egs
can be found by minimizing the relationship between energy
and density E[ n] and this minimum is found for the ground
state density ngs' It is convenient to write48

E [n] = To[n]

+

f

dr n(r) [Vex! (r)

+ !cI>(r)] + Exc [n],
(1)

where To is the kinetic energy that a system with density n
would have in the absence of electron--electron interactions,
cI>(r) is the Coulomb potential, and Exc is the exchangecorrelation energy. To evaluate E xc ' we adopt the local spin
density (LSD) approximation

E~~D=

f

drn(r)Exc[n, (r),n l (r)],

(2)

where E xc [ n, ,n I ] is the exchange and correlation energy per
particle of a homogeneous, spin-polarized electron gas with
spin-up and spin-down densities n, and n I ' respectively.
While different electron gas calculations result in different
forms of E xc ' the consequences for calculated geometries and
energy differences are relatively small. In the present work,
we use the parametrization ofVosko et al. 49 of the quantum
Monte Carlo calculations ofCeperley and Alder. 50
For a given set of atomic coordinates {RI }, the minimization of E[ n] in Eq. (1) is usually performed by solving the
Kohn-Sham equation
[~ V

2

+ Vex! (r) + cI>(r) + V xc (r)] tPi (r) = EitPi (r),
(3)

where Vxc = 8Exj8n(r). The density can be constructed
from the eigenfunctions of this equation n(r) = l:i ItPi (r) 12 ,
with i running over all occupied states. The procedure must
be continued until self-consistency is reached. We use a pseudopotential representation of the electron-ion interaction,
with the parameters for phosphorus determined by Bachelet
et al. 51 and the eigenfunctions of Eq. (3) are expanded in a
plane wave basis.
In order to optimize the geometry, we view E as a function of two interdependent sets of degrees of freedom {tPi}
and {RI }:

V2
E [{tPJ,{RI } ] = I(tPi (r) 1- -ltPi(r»
i
2

1
+Exc[n(r)] +-2

ZIZJ

I IR

I#J

1-

RJ I'

(4)
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where R[ and Z[ denote the ionic coordinates and effective
charges, respectively. To minimize this function with respect
to variations in {R[}, we use a dynamical simulated annealing technique to follow the trajectories of {,pJ and {R j }
given by the Lagrangian

.Y='LJLi
i

Inr drl¢1~il+'LJ...MjRJ-E[{,pJ,{RI}]
2
j

(5)
and the corresponding time-dependent equations of motion

..
JL,pi(r,t)

8E

= - 8,p*(r,t) + ~ Aik,pk (r,t),
(6)

Here M j are the ionic masses, JL i are fictitious "masses" associated with the electronic degrees of freedom, and the Lagrangian multipliers A/j are introduced to satisfy the orthonormality constraints on the ,pi (r,t). From these orbitals
and the resultant density n(r,t) = :Ii l,pi (r,t) 12, we use Eq.
(4) to evaluate the total energy E, which acts as the classical
potential energy in the Lagrangian (5).
B. Computational details

The goal of the present calculations is to locate lowlying minima in the energy surface and the strategy adopted
is different from that needed when studying time- and temperature-dependent properties. Calculations were performed for a range of starting geometries in each system and
the coordinates were then perturbed by small random
amounts to reduce possible bias resulting from the geometry
assumed. The velocities ~i and R are set equal to zero and
Eq. (3) solved for this geometry using a small basis set (energy cutoff 27 .2 eV). This is the only explicit diagonalization
in the calculation. The resulting eigenfunctions serve as input to an iterative steepest descents calculation of ,pi for this
geometry (using the full plane-wave basis). We then alternate steepest descents techniques (at = 2.0X 10- 15 s, JLi
= 50 oooa.u.) withMD at T= 300K (at= 1.7X 1O- 16 s,
Pi = 300 a.u. using the Verlet52 algorithm) to locate the
minimum and probe the local environment of the energy
surface. We then perform longer MD runs at several temperatures to ensure that there are no lower-lying minima
with similar geometries.
During the MD calculations, the average instantaneous
temperature (T )-the mean kinetic energy of the ions-is
kept constant to within - 5% by rescaling the ionic velocities uniformly with a factor ~ (T) IT. The isokinetic ensemble thus simulated will have a different dynamical behavior
from the canonical energy distribution probably appropriate
for an isolated cluster, but we note again that the focus of the
calculations is the energy surface and its minima and not the
temperature-dependent properties. The above choice of parameters ensures that the transfer of energy between the ionic and electronic degrees offreedom is small. We found that
the electronic system stays within -0.1 eV of the ground
state, so that the motion of the system is close to Born-Oppenheimer (BO) trajectories.

We have used a large fcc unit cell [lattice constant 15.9

A.] with constant volume [1000 A.3 ] and periodic boundary
conditions. The separation between individual clusters is
large and we have shown in our calculations for S and Se
clusters that the results are insensitive to the choice of
boundary conditions. The cut-off energy for the plane wave
expansion of the electronic eigenfunctions was 5.3 hartree
(144.2 eV) during the MD simulated annealing runs, leading to -4000 plane waves for a single point (k = 0) in the
Brillouin zone. The convergence of relative energies and
cluster geometries has been studied in the case of P 4' With
the cut-off energy increased from 144.7 to 285.7 eV, the difference between the total energies of the "roof" and tetrahedral structures increased by 0.06 eV (to 2.25 eV). The bond
lengths decreased almost uniformly by 1-1.5%, so that the
bond and dihedral angles changed by only 0.1-0.3°. Similar
results may be expected in the other clusters. As we noted in
the case of sulphur clusters, the total (valence) energy converges more slowly with increasing size of a plane-wave basis.
It is convenient to assume that the angular momentum
dependent components of the nonlocal pseudopotential,
I
A
I
I
A
V ps (r)PI , satisfy V ps = V;.ax for I> Imax , where PI is the
projection operator of the 1th angular momentum component. In our work on Sen and Sn' we set Imax = I and showed
that the main effect of increasing Imax was to reduce the bond
lengths by a small amount. The very accurate energy differences required in the work on the isomers of Sex S)I 47 made it
essential to use Imax = 2, and we have used this improved
approximation in the present calculations. Test calculations
have shown, however, that the only significant effect in
phosphorus clusters is on the bond length. Energy differences proved to be remarkably insensitive to the choice of
Imax·

III. STRUCTURES OF PrP.

In this section, we discuss the structures found for the
different molecules. The spectroscopic constants of the
ground state of P 2 are given in Table I and the structural
TABLE I. Spectroscopic constants of P 2

Expta
HF"
HF(2d IfJc
HF(6-31G*)d
CI-SDb
CI-SDQ(D)b
CI-SDQ(S)b
CPF(3d2jlg)C
MP2d
MP3 d
MD/DP

(

'l:/ ).

r, (a.u.)

w,(cm-')

D,.(eV)

Dg(eV)

3.578
3.496
3.507
3.513
3.545
3.575
3.585
3.583
3.651
3.587
3.56

780.77
909.1

5.08
1.72
1.63
1.16
3.51
4.15
4.29
4.52
4.01
3.62
6.17

5.03

908
842.8
805.3
792.7

780

• Huber and Herzberg (Ref. 53).
bMcLean et al. (Ref. 54) S, 0, Q denote single, double, and quadruple excitations (D) and (S) include Davidson corrections.
CAhlrichs et al. (Ref. 24). Coupled pair functional calculations.
d Raghavachari et al. (Ref. 25).
eThis work.
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parameters for low-lying states ofP3-Ps are given in Tables
II-IV. Parameters not given are related by symmetry to values in the tables. Atomization energies are presented in Table V. The results of experimental analyses are given where
available and the structures are shown in Figs. 1-7. Where
appropriate, we use a cyclic notation for the atoms in each
molecule. "Bonds" in the figures correspond to an interatomic separation of < 4.72 a. u. The vibrational density of
states can be obtained by Fourier transforming the velocity
autocorrelation function and the results are given here for P 2
and P 4.

TABLE III. Molecular parameters d, a and r for low-lying isomers of P 6'
Bond lengths dij (between atoms i and}) in a.u., bond angles (aijk) and
dihedral angles (rijkl) in degrees.

d

3.97
120.0"

a

3.94
3.98
109.4°
122.0°
29.1°
52.7°
3.99
4.30
4.53
57.4°
65.2°
90.0"

TABLE II. Molecular parameters d, a, and r for low-lying isomers of p" ,n
= 2-5. Bond lengths dij (between atomsiand}) in a.u., bond angles (aijk)
and dihedral angles ( r ijkl ) in degrees. Parameters identical by symmetry are
excluded.

d

3.56

d

3.68

d

4.02
6ft

a

3.92
4.25
57.2"
65.6°

4.23
4.32
60.0°
90.0°

a 234
a 235
a l24

al
4.27
3.89
90.0"

d l2
d 2•

4.04
4.45
56.6°
66.8°
103.8°
32.8°

a l24
a21'

a l 23
r1234

d
a

4.17
60.0°
70S

r
d

3.95
108.0"

a
P 5 (C2v ,planar)

3.93
3.91
4.03
99.1°
111.0"
119.8°

dl2
d23
d 34
a. 23
a 23•
a 21S
a 233i

a 12'
r235'

4.16
4.26
4.11
57.7°
61.2°
81.3°
83.8°
90.0"
61.8°
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r235.

4.21
3.79
4.21
4.17
59.4°
60.3°
92.7°
105.4°
105.9°
53.2°

A.P2
The low-lying states of the phosphorus dimer have been
investigated extensively in the gas phase, 53 and the ground
state has the same configuration (Il:g+ ) as the ground state
of N 2' The results of selected calculations for this molecule
are compared with the experimental spectroscopic parameters in Table I. The deviations from experiment are consistent with past experience. Hartree-Fock (HF) calculations24.25.54 underestimate the bond length and overestimate
the vibration frequency, and calculations using correlated
wave functions24.25.54 give improved results as the basis set
and the number of configurations are increased. Nevertheless, even the most extensive calculations underestimate the
well depth by - O. 5 eV. The density functional calculations
lead to values of re and We in excellent agreement with experiment. Small changes in these values result if we adopt different pseudopotential parameters or extend the size of the
plane wave basis. While the almost perfect agreement for the
vibration frequency is then somewhat fortuitous, it gives us
confidence in our predictions of other structures. The phosphorus atom has a half-filled p shell and the bond in P 2 is the
strongest P-P bond known. The overestimate of the well
depth by -1 eV is consistent with previous LSD calculations for sp-bonded molecules. 43 ,45.55
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TABLE IV. Molecular parameters d, a, and yfor low-lying isomers ofP7
and P 8' Bond lengths dij (between atoms i andj) in a.u., bond angles (aUk)
and dihedral angles ( YUkI) in degrees.

TABLE V. Calculated atomization energies for P n,n = 2-S, compared with
thermodynamically derived values for gas phase P n (energies in eV).·

n

Ecalc

Etherm
at

2(D~.)

6.17
8.28
9.37
9.47
12.81
13.40
15.59
17.51
17.73
18.12
21.29
21.58
22.16
22.58
22.75
26.76
29.89
30.91
31.66

5.03

at

Ec;lc/ n

E!~enn/n

3.0S
2.76
3.12
3.16
3.20
3.35
3.90
3.50
3.55
3.62
3.55
3.60
3.69
3.76
3.79
3.82
3.74
3.86
3.96

2.57

P 7 (C, )
4.11
4.15
4.22
4.21
4.22
4.17
59.2°
59.7"
60.3°

a,
a 327
a4~7

a467
a 234
a27'

a 346
Y6457
Y4567

d
a

3(D~.)

3 (D3. )
3 (C2v )
4 (D2 . )
4 (Du , roof)
4 (Td )
5 (D5 . )
5 (C2v ' planar)
5 (C2v )
6 (Do.)
6 (D2 )
6 (C2 . )
6 (D3. )
6 (C2v )

60S
60S
94.094.5°
95.9°
104.0
104.5°
105.2°
49.9°
50.So

7 (C,)

8 (D.)
8 (D2 . )
8 (C2v ' wedge)

4.32
90°
a

dl2
dl3
d27
a ,23,

a 213
a 214
a 127
Y1234

4.21
4.1S
4.21
59.6°
60.2°
94.0°
117.So
52.1°
4.24
4.15
4.16
4.17
5S.3°
63.4°
SS.6°
104.6°
107.8°

B.P3
The phosphorus trimer has been identified in the gas
phase7- 9 with an atomization energy Dg.at of7.76 ± 0.2 eV,9
so that it is stable by -2.7 eV with respect to dissociation
into P 2 and P. It was predicted by Murrell56 to have a triangular (possibly D 3h ) structure and subsequent calculations
have confirmed this. The highest occupied molecular orbital
in D3h is spatially degenerate (e" ) and partially occupied, so
that this form ofP3 is subject to a J ahn-Teller distortion. The
Hartree-Fock (HF) calculations of Murrell et 01.33 show
that the distortion is small, with the final C2v structure having a bond length of 4.25 a.u. and a bond angle of 64°. The
configuration interaction (CI) energy of the linear form of
P 3 (D ",h) is 1.36 eV higher. MNDO calculations37 also produce a C2v ground state, with one short bond of 3.543 a.u.
andtwolongbondsof3.753a.u. (a C2v bond angle of 58. 3°).
The linear structure (rpp = 3.34 a.u.) lies 1.62 eV higher.
The structures found in the present calculations are
shown in Fig. 1. We find a ground state with C2v symmetry

7.76

12.44

2.59

3.11

Reference 9.

(rpp = 3.92 a.u., a = 65.6°). It lies 0.10 eV below the lowestlying state E ") with D3h symmetry, which has a bond
length of 4.02 a.u. The lowest-lying state with a linear geometryhas a P-P bond length of3.68 a.u. and lies 1.19 eV above
the ground state. The DF calculations give a value for the
dissociation energy into P 2 + P of3.30 eV (exp. 2.7 eV), an
overestimate similar to that found in S3. 45

e

This molecule has been the subject of much study since
Bhaghavantam performed the first measurements in 1930. II
Early electron diffraction measurements l3 were consistent
with a tetrahedral structure with bond length of 4.18 ± 0.04
a.u. and this value has been refined by vibration-rotation

(Q)

1

2

3

(b)
FIG. 1. The structures ofP 3 • (a)

(c)
D~.;

(b) D 3.; (c) C2v '
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2

1

4
2

3
(a)

(a)

(b)

2

1

3
4

(c)

(d)

FIG. 2. The structures ofP4 . (a) D 2h ; (b) D ld • roof; (c) Td •

FIG. 4. FourIow-lyingstructures ofP6 • (a) D6h ; (b) D2 ; (c) C2h ; (d) D 3h •

Raman spectroscopy57 to 4.2006 ± 0.0009 a. u. The dissociation energies into P2 + P 2 and P 3 + Pare 2.37 ± 0.05 and
4.69 ± 0.17 eV, respectively.9
Hultgren noted that d-orbitals would favor the Td structure, but the importance of d functions in describing the
bond and the reasons for the apparent relative stability of P 4
have continued to be matters of debate. Brundle et al. 58 performed a HF calculation at the experimental geometry and
found excellent agreement with measured ionization potentials using a basis of s- and p-atomic orbitals. They concluded
that there is no need for d orbitals in P 4' A similar conclusion
was reached by Seifert and Gropmann 59 on the basis of scattered-wave calculations of P 4 at the experimental geometry.
On the other hand, Osman et al. 16 found considerable

changes in the electron distribution when d functions were
included in a HF calculation, and this effect was also observed by Wedig et al. 18 Schmidt and Gordon22 and Trinquier et al. 23 found that the inclusion of d-basis functions in
HF calculations [3-21 G and double zeta (DZ)-d, respec-

(a)

5
(Q)

(b)

3

1
(c)

FIG. 3. The structures ofPs. (a) D Sh ; (b) C2v ' planar; (c) C2v •

6
(b)
FIG. 5. The structures of the lowest-lying states in (a) P6 (C2v ); (b)
P 7 (C,).
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(0)

(b)
FIG. 6. Two P8 structures. (a) 0h; (b) Cz•

2

7

1

(0)

2

7

5
(b)
FIG. 7. Two P 8 structures. (a) D2h ; (b) Cz.'

tively] led to much improved bond lengths, and Lazzeretti
and Tossell60 showed that d functions are needed to obtain a
reliable estimate of 31p nuclear magnetic resonance shielding constants in P 4' We conclude that d functions are essential for a quantitative description of the bonding in P4 •61
A second problem that has been addressed by several
authors is the energy and path of dissociation of
P4 -+ P 2 + P 2' The most recent ab initio calculations with extended basis sets reproduce both the experimental geometry
( Td ) and dissociation energy of P 4 very well. Ahlrichs et
al. 24 find that CPF (2d If) calculations lead to a bond length
of 4.17 a.u. and a dissociation energy of2.08 eV, while thirdorder Hartree-Fock-M011er-Plesset (HF-MP3) (6-31G*)
calculations25 lead to 4.16 a.u. and 1.36 eV, respectively.
Similar results were found by Schmidt and Gordon.22 Raghavachari et al. 25 showed that increasing the basis set to 631 G (2df) and using fourth-order M011er-Plesset perturbation theory gave a dissociation energy (2.46 eV) in excellent
agreement with experiment. These results show that quantitative computation of the reaction energy P 4 -+ 2P2 requires a
basis set with/orbitals and at least third-order perturbation
theory.
The actual path in configuration space taken during dissociation is difficult to study. Osman et al. 16 calculated the
energy change on separating two P 2 units along the direction
normal to both bonds, and found an activation energy for the
process of 1. 78 eV. This process and several others were considered in MNDO calculations of Bock and Miiller. 10 The
smallest increase in MNDO total energy was found for a
path involving the breaking of four bonds and the simultaneous shortening of two, i.e., the transition state has D2d
symmetry. The height of the barrier between P 4 and 2P2 was
1.83 eV.
The three structures corresponding to local minima in
the energy surface are shown in Fig. 2. As expected, the most
stable is the tetrahedral (Td ) structure and the calculated
bond length (4.17 a.u.) is in excellent agreement with experiment. The calculated dissociation energy (3.26 eV) reflects
the tendency of the LSD approximation to overestimate the
stability of structures that are sp bonded. The coordinates of
the converged Td geometry were displaced by random
amounts of magnitude less than 0.1 a. u. and the subsequent
constant energy MD evolution followed for 6000 time steps.
The calculated vibration frequencies (e = 366 cm - I,
t2 = 448 cm - I , a 1 = 597 cm - 1 compare very well with the
experimental values62 (367.2, 462.2, and 606.5 cm - I , respectively).63 The deviations are well within the limits to be
expected from either DF/LSD or more traditional quantum
chemical calculations.
The least stable P4 structure evolved from a linear chain
and comprises two P 2 molecules weakly bound in a planar
zig-zag configuration. A planar rectangular (D2h ) structure
with bond length of 3.89 and .4.27 a.u. has a stable local
minimum, although a shallow one. On "heating" the cluster
to an average internal temperature of 500 K, it can overcome
a small potential energy barrier and reach the basin of attraction of a "roof" (D2d ) structure. The latter can be cooled to
o K with the annealing strategy described above and is 2.19
eV above the Td structure and 0.60 eV more stable than the
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rectangular geometry. We find that the planar D3h structure
(as in S03) deforms continuously into the D2d structure and
is not a stable local minimum.
We have performed a high-temperature (T= 15000
K) simulation on the Td structure ofP4, the high temperature being chosen to compensate for the short physical times
presently attainable. The path taken by the system in configuration space (not the path of least action) corresponds to
an opening of two bonds on opposite sides of the tetrahedron, with a continuous decrease in the dihedral angle
around one of these bonds. In this simulation, the maximum
energy of the system was -4 eV above the ground state
energy, so that the height of the barrier in the potential energy surface will be lower. The system then passes over into the
basin ofattraction of the roof structure, i.e., cooling the molecule and using the annealing plus steepest descents strategy
leads to the same energy and geometry as stated above for the
D2d structure.
Our calculations show that although the tetrahedral
structure of P 4 is by far the most stable, there is a large basin
of attraction for the roof structure. This is an interesting
result, since we shall see that the P 4 group with D2d symmetry is a constituent of energetically favorable structures in
larger clusters.

O.Ps
The P 5 molecule has not been identified in the gas phase
at high temperatures and we are unaware of any calculations
for the neutral molecule. The polyphosphide ion P s- has,
however, been identified by Baudler et al.27 as a ring of unsubstituted twofold coordinated P atoms. MNDO calculations have been performed for this ion by Baird,21 who found
a planar pentagonal (D Sh ) structure with bond length 3.58
a.u.
As in the case of P 3' the highest occupied molecular
orbital in the planar symmetric (D Sh ) form ofP5 is spatially
degenerate and our calculations confirm a Jahn-Teller distortion to a structure of lower symmetry (C2v ) and energy.
The structure with full DSh symmetry has a bond length of
3.95 a.u. and the parameters of the undistorted and JahnTeller distorted structures are given in Table II. The distortion is not large, the largest changes in bond length and bond
angle being 0.08 a.u. and 11.8°, respectively, and the energy
lies 0.22 eV below the energy of the DSh structure.
The most stable P 5 structure we have found is the C2v
structure shown in Fig. 3(c).1t lies 0.39 eV in energy below
the distorted pentagon and comprises the roof structure of
P 4 with a twofold coordinated fifth atom. The bonds to this
atom are at 90' to each of the four bonds outlining the roof.
We also found two structures corresponding to shallow local
minima in the energy surface. A D3h propellerlike structure,
with three atoms symmetrically placed with respect to a central bond of length 4.52 a.u., lies 1.57 eV above the ground
state. A C4v structure, with a P atom placed centrally above a
P 4 square, has an energy 0.45 eV above that of the ground
state. However, these structures convert to the C2v state on
annealing at 500 K by crossing small energy barriers to the
basin of attraction of the ground state minimum.
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E.P.
The P l ion was found by Martin 14 using mass spectroscopy of quenched phosphorus vapor. Furthermore, Scherer
et al.28 have prepared a sandwich complex [ {( 1]5 - Me5C5)
Moh(,u,1]6 - P 6)] with the planar hexagonal form (D6h )
occupying the central bridge position. This form of P 6 is
isoelectronic with benzene and it is interesting to speculate
on its possible existence. 28 There have been several attempts
to calculate the relative energies of different isomers of P 6'
motivated in part by this question and by the possibility of
synthesizing the molecule from P 2 units. Baird21 performed
MNDO calculations on three forms ofP6' The most stable is
the prismane (D 3h ) analog. The benzene analog lies 0.22 eV
higher and a C2v structure lies a similar amount above that.
Baird found that the predicted heats of formation per atom
were comparable to those observed for P 4'
The same three isomers were treated in the HF approximation by Nagase and ItO. 35 The most extensive calculations
with a 6-31 G* basis indicated that the three isomers had very
similar energies, with the C2v structure being the most stable.
Nguyen and Hegarty36 have performed HF calculations
with M011er-Plesset corrections to compare the energies of
P 6 (D6h ) and 3P2' They predicted that the former lies 6 kcal
mol-I (0.25 ev) above 3P2 and would decompose P 6 -+ 3P2
with an energy barrier of 13 kcal mol-I (0.56 eV).
We have found several structures corresponding to local
minima in the energy surface [Figs. 4 and 5(a)]. The minimum for the planar hexagon (D6h ) is shallow and converts
on annealing to the D2 structure shown in Fig. 4(b). The
latter structure has a projection that is very similar to Fig.
4 (a). It is, in fact, a modest perturbation of the D 6h structure, lying 0.29 eV below it and 0.58 eV above the C2h structure shown in Fig. 4(c). Of the structures considered by
other authors, we found the structure analogous to prismane
(D 3h ) to be the most stable. The most stable isomer, however, was found to be a C2v structure derived from the P 5
ground state by replacing the single atom outside the D 2d
roof by a dimer [Fig. 5 (a) ]. It is analogous to the benzvalene
isomer of (CH) 664.65 and lies 0.17 eV below the prismane
structure in our calculations. This small energy difference
means that both structures are candidates for the ground
state. Preliminary calculations in AS6 (Ref. 66) indicate,
e.g., that the D3h structure is the most stable in this molecule.
The octahedral structure was found to be unstable, reverting
on annealing at 300 K to the C2h structure [Fig. 4 ( c) ] .
F. P7

It was only recently that P 7+ was detected in the gas
phase 14 and we are not aware of any attempts to predict its
geometry using either ab initio or semiempirical methods.
We noted above that the P~ - ion has been synthesized and
provides an interesting example of valence bond tautomerism, where the molecule fluctuates continuously between
structures with different bonding configurations above a certain temperature.
In our search for the ground state structure of the neutral P 7 cluster, we found a shallow local minimum in the
energy surface for a capped prism (C2V ), derived from the P 6
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(D 3h ) structure, with a seventh atom bonded to the four
atoms in one face. This structure is unstable towards thermal
treatment at 300 K and converts to the only stable minimum
we have found in this molecule (Cs ) under these conditions
[Fig. 5(b)]. The corresponding minimum at T= 0 shows
again the P 4 -roofstructure, bonded to a P 3 unit that is close
to equilateral. In order to study further the stability of this
structure, we have performed extended simulated annealing
runs (a total of 40 000 time steps at temperatures between
300 and 3000 K). There were substantial changes in geometry, including distortions of the P4 roof such that one atom
moved closer to the apex angle of the triangle. This structure
approximates that of P~ - or the isoelectronic tetraphosphorus trisulphide P4 S3 •67 It is, however, energetically unfavorable and reverts to the most stable structure described
above.

G.P,
This molecule has been detected in the vapor phase at
low temperatures 14 and between 100 and 300 ·C,6.8 but is not
present at higher temperatures. 7.JO As noted above, calculations ofthe molecule have been restricted to the cubic (Oh)
form, on the assumption that the most favorable, strain-free
bonding configuration of phosphorus is p3, with three mutually orthogonal bonds. Geometry optimizations have been
performed for this structure only at the HF level and lead to
a consistent picture. The bond lengths found are 4.286 a. u.
(6_31G*),25 4.330 a.u. (1d),24 4.280 a.u. (3_21G*),22 and
4.297 a. u. (DZ-d). 23 The energy of the reaction 2P4"'+ P 8 is
1.52, 1.63, 1.50, and 1.14 eV, respectively. In the most detailed calculations incorporating correlation effects (the
MP3 calculations of Raghavachari et al. 25), this energy is
increased to 2.41 eV, so all calculations predict that the cubic
form of P 8 lies well above the energy of two P 4 molecules.
The calculated vibration frequencies are all real,22,23.25 so
that the Oh structure is a local minimum on the P 8 potential
energy surface. While Schmidt and Gordon 22 viewed this as
proof of the cubic structure of P 8' Raghavachari et al. 25 noted that the low vibrational frequency might indicate the existence of a "soft" reactive channel. The latter is consistent
with our findings.
The present calculations show that the Oh structure is a
local minimum in P 8, with a bond length of 4.32 a.u. [Fig.
6 ( a) ]. If we perturb the coordinates of each atom by a random number of magnitude less than 0.02 a. u. and perform a
steepest descents calculation of the potential energy surface,
the structure returns to the cubic form. The cube is therefore
a locally stable minimum in our study and the energy of the
reaction 2P4 --+ P 8 (1.29 eV) is in satisfactory agreement with
the estimates of the ab initio calculations. If we anneal the
cubic structure at T = 200 K, however, it undergoes a shear
deformation, leading to a local minimum with an energy
0.25 eV below that of the cube. The structure is shown in Fig.
6(b).
An extended thermal treatment of a cubic starting structurewith bond length 4.05 a.u. (10 000 time steps at T= 300
K) has also been carried out. After an initial distortion simi-

lar to that shown in Fig. 6(b), the total energy dropped
much farther and the combination of annealing and steepest
descents calculations resulted in a structure with an energy
1.77 eV below that of the cubic structure. The final structure
[Fig. 7(b)] can be understood most simply as a cube with
one P-P bond rotated through 90· and is the most stable P 8
structure we have found. In order to study its stability, we
have performed another extended series of molecular dynamics runs (10 000 time steps at temperatures between
1000 and 9000 K). Using the technique of alternating annealing with steepest descents calculations, we obtained an
identical structure, with an energy less than 0.0001 a.u. different. This demonstrates the stability of the minimum and
provides us with an estimate of the reliability of the calculated energy differences. The energy of the calculated ground
state is 0.47 eV below that of two isolated P4 tetrahedra. A
further isomer, with a second bond rotated through 90·, lies
0.75 eV above the ground state [see Fig. 7(a)], still well
below the cube. This structure (D 2h ) comprises two P 4 roof
tetramers and it is interesting to note that the bonds between
the tetramers are the same length as the adjoining bonds in
the four-atom units.
The structures and energetics of the new isomers of P 8
were unexpected. However, the C-H group is isoelectronic
with P and similar structures are well known and of particular interest in hydrocarbon chemistry. 64,65 The cubic form of
(CH)8' known as "cubane," was synthesized by Eaton and
Cole,68 and could be catalyzed to a second isomer with a
shape as in Fig. 7(b) using silver or palladium. 69 In view of
the wedgelike structure, Cassar et al. 69 used the term "cuneane" to describe it. They estimated that it should be - 3040 kcal mol- I less strained than cubane and that the strain
energy of the third possible isomer [2,2' :4,4' -bis- (bicyclobutyl)] should be intermediate between these values. 69 The
ordering of strain energies in the (CH) 8 isomers would then
be the same as we find for the total energies in P 8 isomers.
Furthermore, the structure of violet (monoclinic) phosphorus comprises long tubes of pentagonal cross section containing P g and P 9 "cages," connected by pairs' of phosphorus
atoms. I ,30 Although the presence of the dimers presents a
constraint on the structure, the P 8 units have the same basic
form as our ground state for the isolated P 8 molecule. A
similar eight-membered structure is found in realgar
(As4 S4 ) in both the gaseous 70 and crystalline71 forms, and
has been referred to as a "cradle" configuration.
Further simulations have been performed on this molecule, with interesting results. An initial structure similar to
the D 4h "crown" in S8 deforms readily into one P 2 and two P 3
units, with short (and therefore strong) bonds between
them. This is a further demonstration of the preference of
phosphorus to form structures with threefold coordination.
During the formation of the triangles, however, the "bonds"
to the remaining two atoms became very long. We have notoed this effect in the course of simulations on several of the
molecules, i.e., the formation of a structure with more favorable coordination was often associated with a weakening of
bonds in the structure. This process could result in dissociation of the molecule at elevated temperatures.
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IV. BINDING ENERGY AND STRUCTURAL TRENDS

The calculated atomization energies are given in Table
V, together with experimental values where available. The
tendency of DF/LSD calculations to overestimate bond
strengths in sp-bonded materials is well known43 ,55 and this
is evident in our results for P 2' P 3' and P 4' Experience with
numerous families of molecules has shown, however, that
the bonding trends are generally reliable, and we study these
here.
We have found a number oflocal energy minima in each
cluster, as well as minima in the potential energy surface that
are too shallow to constrain the molecule at T = 300 K. The
predictions for the ground state geometries in P 5-P 8 show
that structures with a P 4 roof unit are energetically favored
in all cases. In P 5' we have an additional P atom bonded to
two atoms in the roof, and in P 6' P 7' and P 8 the extra atom is
replaced by a dimer, trimer, and a second P 4 roof, respectively. The changes in the dihedral angle formed by the four
atoms in the tetramer are consistent with this picture. The
P 4( T d ) structure has a value of = 70S and opening this
structure to accommodate an atom and a dimer leads to dihedral angles of 61.8° and 53.2° in P 5 and P 6 , respectively.
Smaller changes in are required for the corresponding
structures in P 7 and P 8. While the double-roof structure in P 8
is more stable than the well-studied cubic form, we find that
the "wedge" or "cradle" form is the most stable isomer in
this molecule.
The total (valence) energies per atom are shown for all
structures in Fig. 8. We note that there is an overall trend for
increasing stability as n increases, so that P n clusters should
be stable (at T = 0) for all n<8. This is consistent with the
detection by Martin 14 of P n+ clusters for all n in this range.
The smallest energy difference is the value noted above for
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FIG. 8. Total (valence) energies per atom ofP n structures shown in Table
v. The structures with roof components are shown by crosses.
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the energy of the most stable P 8 isomer relative to two P 4
tetrahedra. Martin also observed an oscillation in the relative abundances of P: clusters with increasing n and noted
that highly stable clusters have an even number of electrons.
Our results (Fig. 8) are consistent with this. The particularly strong bond in P 2 reflects the occupancy of all bonding
orbitals, while the P 4(Td ) structure has threefold coordination of all atoms and a larger ratio of bonds per atom (6:4)
than its neighbors. The crosses in Fig. 8 show that the relative stabilities of the roof structures increase smoothly with
increasing n.
The roof or open tetrahedron structure played a role in
the discussion of Pauling and Simonetta15 concerning the
formation of red phosphorus from the white form, which
comprises weakly bound P 4 tetrahedra. These authors noted
that the breaking of one bond in a tetrahedron could result in
a figure formed by two equilateral triangles with a common
base. The two apical P atoms would then form bonds to
similar atoms in adjacent P 4 complexes, forming chains of
the form (P4) n' Half of the atoms would form bonds with
two 60° bond angles and one 101° bond angle, and the other
half with one 60° and two 101° bond angles. Pauling and
Simonetta estimated that this structure would be more stable
than white phosphorus and noted that the relative ease of
forming red phosphorus compared with the most stable
(black) form could be understood from the fact that only
one P-P bond needs to be broken. A similar polymerization
process was mentioned by Elliott et al. 32 as a way of generating the P 8 cages they identified in amorphous red phosphorus. Our calculations indicate that the P 8 (D2h ) structure
is -0.3 eV less stable than two P 4 tetrahedra. Since we are
comparing energy differences involving the same number of
bonds l2 of approximately equal length, we expect that the
LSD estimate should be reliable.
Trends in bond lengths and angles in phosphorus have
been noted by several authors. The orthorhombic allotrope
is composed of puckered layers, within each of which the P
atoms are threefold coordinated. The bond lengths are 4.20
(twice) and 4.24 a. u. (once), with bond angles 96.3° (once)
and 102.1° (twice). I The layers in the rhombohedral structure have bonds with rpp = 4.03 a.u. and a = 105°, and the
cubic form of black phosphorus has rpp = 4.49 a. u., a = 90°.
For structures with bond angles near 90°, the shortest bonds
then correlate with the largest departures from a right angle.
The cage structures present in violet (monoclinic) phosphorus result in a distribution of bond lengths into three
groups. As pointed out by Thurn and Krebs,I,30 there is a
correlation between bond distances and the dihedral angles
about the bond. The average of the bond lengths in
"eclipsed" configurations (one dihedral angle r-OO) is significantly longer (4.30 a. u.) than in "staggered" (r - 90°120°) or "trans" (one value of r-1800) configurations
(4.23 and 4.16 a.u., respectively). Although the data on
clusters are not extensive, similar trends are apparent. The
weakness of the bond in cubic P 8 , e.g., has been attributed in
part to the presence of parallel bonds. 19,24
The structures found in the present work show some
interesting trends, with an obvious preference for threefold
coordination. Fourfold structures such as pyramids and oc-
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tahedra proved to be unstable under annealing at low temperatures and twofold structures such as planar forms
[P 4 (D2h ), P5 (D 5h ), P6 (D6h )] were generally energetically
unfavorable. The bond angles in Table V show an interesting
distribution. The occurrence of roof and triangular structures leads naturally to a peak in the bond angle distribution
near 60· and structures related to the cubic ordering lead to
values near and above 90·. The most stable isomer in P 8 has
fewer parallel bonds than the cubic structure studied previously and the bond angles a 123 and a 178 show significant
changes from 90·. It is striking that the structures found in
the present work show almost no bond angles between 60·
and 90·. The bond angle distribution calculated by Hafner 72
for isoelectronic liquid As shows a similar trend, with peaks
at 60· and 94· and a long tail to larger values of a. This last
feature was not observed in the present cluster study and
may be an artifact of the pairwise additive interatomic potentials applied to the liquid, and the corresponding lack of
higher order interactions.

tional methods for molecular electronic structure calculations confirm our findings on the geometries and relative
stabilities of the clusters studied here. 73 Our calculations
provide further evidence for the complexity of the energy
surfaces of molecules and we have found stable minima corresponding to geometries that were surprising and previously unexplored. Even with gradient expansions of the energy,
it is not clear that zero-temperature methods will be able to
find a path between relevant energy minima in clusters of
this size. The introduction of a kinetic energy ("temperature") term in Eq. (5) enables the system to locate some of
the most favorable geometries in a large region of configuration space. The short time scale currently accessible using
the simulated annealing technique means that there are regions that are not probed by this method. Although the present series of calculations has been very extensive, there can
be no guarantee that other important minima do not exist.
Application of the method to clusters of arsenic is in progress.

v. CONCLUDING REMARKS
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We have described calculations of the energy surfaces of
phosphorus molecules using the MD-DF method, which requires no assumptions about the equilibrium structure.
While thermodynamic data are available for P 2 , P 3 , and P 4 ,
structures and vibration frequencies are presently known
only for P 2 and P 4' The calculated structures and frequencies
are in excellent agreement with the measured ones and the
atomization energies show the overestimates familiar from
previous DF work using the LSD approximation (2) for the
exchange-correlation energy. Previous theoretical work on
these systems has been restricted to P 2' P 3' and to particular
symmetries ofP4 , P 6, and P g • Special interest has been paid
to the energy of the reaction P g (Oh ) -+ 2P 4 ( Td ).
The structures and relative energies found in the present
work were unexpected, and may surprise many. A significant number of the structures we have found for P n clusters
are known in the analogous structures for (CH) n ,64.65 but
the differences between phosphorus and the methine group
mean that the ordering of the most stable isomers may differ.
An example is (CH)6' where benzene is more stable than
benzvalene. 65 The reverse is true in the P 6 calculations. We
find minima in the energy surfaces for all P n clusters with
n < 8, with a trend to increasing stability for increasing n.
The tetrahedral structure of P 4 is particularly stable and we
confirm previous findings that two P 4 tetrahedra are less
stable than the cubic form ofP8' The wedge-shaped isomer of
P 8 is more stable than two tetrahedra, but the energy difference is less than 0.5 eV. Our calculations indicate that all P n
clusters (n<8) should exist at low temperatures and this
finding is consistent with the recent identification of singly
ionized clusters up to n = 24 in quenched phosphorus vapor. 14 All previously published work had been performed at
elevated temperatures, indicating that the larger clusters are
thermally unstable. This shows again the value of techniques
such as laser vaporization and cooling by supersonic expansion, which have resulted in cluster beams with low internal
temperatures.
It would be of great interest to see whether more tradi-
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